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Nonlinear dynamics of optomechanical systems. So if you consider the
classical dynamics of an optomechanical system and you drive it in just
the right way, you will see that there can be an instability and this
instability we will learn leads to mechanical limit cycles. If you analyze
these so-called limit cycles more closely, then you'll arrive at something
that is called the optomechanical attractor diagram and from there it's
only a small step to more advanced topics like synchronization and
chaos. All of these things are a little bit hard to explore purely
analytically and so it's great to do numerics and for that purpose we
have supplied you with an simulator that can be accessed on the web.
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But let's start simple. Here's the standard optomechanical system and
optical cavity driven by a laser, the radiation pressure force pushing
some mechanical object.
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Now, we already learned in an earlier lecture that if you plot the
radiation pressure force versus the position of the mechanical object,
then what you essentially do is you're sweeping through the resonance
with the laser and so the force and intensity, they go up and down. But
this is only a picture of the static force as a function of position. We also
learned that a very important aspect is that the force is time delayed
because the light needs some time to fill up the cavity and to leak out of
the cavity. This time delayed force can lead to things such as friction but
also if you position the mechanical object just right or position the laser
frequency just right, it can lead to anti-damping.
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So what does that mean? In that case the total damping constant of the
mechanical system consists of two parts, the intrinsic damping rate
gamma and the damping rate contribution supplied by the
optomechanical dynamics here called gamma-opt. And the case we're
considering here, this second contribution is actually negative and so the
question arises what happens if not only the second contribution is
negative but the whole sum that is the total damping rate of the
mechanical system turns out to be negative? What then? This is a very
unconventional situation. And indeed if you take it serious, then what
this means is if you start out from any small amplitude oscillations as
time progresses, the oscillations will grow an amplitude. They will
actually grow exponentially with a rate determined by this total gamma
that is now negative. So there's an exponential explosion and the
question is what happens next?
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In order to answer this question, it's not enough to only look at the
linearized dynamics of the system, you really have to delve into the full
nonlinear dynamics. There's no better way to do that than by a
numerical simulations. And so what we have provided for you is
actually a full-scale optomechanic simulator that you can access from
any web browser. And in this lecture, we will show you how to use that
simulator to understand the nonlinear dynamics of an optomechanical
system. Now, what you see here is the cavity optomechanic simulator.
You see two plots and a control panel. In the plots what is shown right
now is the light intensity in the cavity versus time and in the lower plot,
the mechanical position versus time. At the moment the simulation has
stopped. In the control panel on the other hand, you can control things
like the detuning between laser and cavity, the cavity decay rate,
mechanical damping, coupling constant between mechanics and light
field and the laser drive. Now let's just continue the simulation for now
and what I will do in a moment is I'll just apply a very strong radiation
pressure force by ramping up the light intensity temporarily.
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And so what you can see is while I took back the light intensity, the
sudden kick in the radiation pressure force gave rise to an oscillatory
motion in the mechanical oscillator that then is slowly damped away. In
this case, let's pause the simulation, in this case, we had set the detuning
to be negative, that is, we are in the red detuned regime and so we
expect that actually the optomechanics contributes some extra term to
the damping rate so the damping is stronger than intrinsically expected.
What we can do now is we can switch to the opposite regime, that is, we
can make sure that we have a positive detuning and then we can see
what happens. So here now I'm going to suddenly switch the detuning to
a positive value and watch what happens with the oscillation. It really
rings up. The amplitude grows and now it has settled down to a
stationary pattern. So the amplitude has saturated and we have an
oscillation that will go on forever despite the presence of intrinsic
mechanical damping. So that is what happens when you run into the
instability. At first the amplitude rises and then you settle into a pattern
that will go on forever until you switch off the laser drive. This is what
we call in more mathematical terms a mechanical limit cycle oscillation.
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Started out with a question. What happens if the overall damping rate of
an optomechanical system turns out to be negative and indeed, in the
numerical simulations we saw an exponential explosion, but after some
time the system settles to a stable oscillation amplitude.
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This is the optomechanical dynamical instability leading to these stable
oscillations which are called limit cycle oscillations. Such a behavior
has seen in a multitude of different optomechanical experiments and it is
best understood in a phase space picture.
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So here we plot the position to the right and the momentum to the
vertical so that at every point in time the system will be represented by a
point in phase space as shown here and the amplitude of the oscillations
is simply the distance from the origin. This point in phase space will
revolve around the origin in a clockwise manner at a steady rate
corresponding to the frequency. Now if you go towards another
amplitude for a short moment, for example, by a perturbation, what you
will find is that the system relaxes back to the same old amplitude and
the same is true if you start with a lower amplitude again that makes the
amplitude increase towards the limit cycle amplitude so the limit cycle
is really stable attractor of the system. Besides the amplitude, of course,
there's also the phase of the mechanical oscillation and that in itself is
free to take on whatever value is prescribed, for example, by the initial
conditions. In addition, It can be easily modified by external noise
coming into the system and we will come back to it later. Now from a
mathematicians point of view, it is very interesting trick inquire how
this limit cycle behaves when you change parameters? And you can
imagine that if the parameters are not right at all then there is not even
any such limit cycle and instead the system would be at rest in the
center of the phase space coordinate system.
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This can be depicted in another type of diagram where you're not only
show phase space ‘x’ and ‘p’, but also plot some other parameter like,
for example in our case, the laser power. As you increase the laser
power, the effects of the radiation pressure force become more and more
prevalent until finally we reach the point where indeed the overall
damping rate becomes at first zero and afterwards negative and at this
point the limit cycle starts to grow at first with a small amplitude and
then with ever-increasing amplitudes. This point is called a Hopf
bifurcation and it is a typical occurrence in nonlinear dynamical systems
that are driven that have some energy input and, therefore, can develop
these kinds of limit cycles.
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Now moving on if we want to understand what determines exactly the
amplitude of the oscillations, it turns out there is a very easy way to find
it and that is simply to realize that the amplitude is determined by a
balance, a balance between two terms, balancing the power lost by
mechanical friction that would usually reduce the amplitude down to
zero against the power being fed into the system by the radiation
pressure force ‘F’. The power, of course, is the force times the velocity.
You will have to average this over an oscillation period and then you
want to look at the ratio between this power input and the power lost by
friction. When this ratio is exactly one, the balance is established and
the amplitude will not change and so that is the condition for the
amplitude. In order to work out the details, you will have to figure out
how exactly does the radiation pressure force depend on time given that
you have a mechanical limit cycle oscillation which you assume a
sinusoidal. There is actually some analytical calculation to be able to do
this but we will not go into the details here.
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Now when you depict the outcome of such a calculation graphically,
you can show the ratio that we just discussed between the power input
and the power dissipated and you can plot this ratio as a function of
parameters. In this case, we plotted it as a function on the one hand, of
detuning which is one of the parameters you can control experimentally
and on the other hand, as a function of amplitude of oscillations or more
precisely here some normalized oscillation energy going like the square
of the amplitude. If you plot this power ratio versus these parameters,
you see a rather complicated landscape but the balance is obtained when
the power ratio is one which determines a contour line and so your
attractor sits on this contour line. Again as we discussed before if the
amplitude is not right, for example, if it's larger than expected then it
will decrease. If the amplitude is smaller and it should be then it will
increase and it will always come back to the same value that determines
the limit cycle amplitude.
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We can plot the same kind of graph in a slightly different way 2D just to
see more of it. Here the colors represent the power input and if it's
positive, it will be orange or green. So what that means is the power
balance condition will be fulfilled on contour lines of this plot, which
one you have to pick depends on the mechanical damping rate. For
example, the thick black contour line corresponds to very low
mechanical damping rate almost zero. What we see here is that if we fix
some external parameter like the detuning, then there is not only one
stable oscillation amplitude but in fact, there are several stable
oscillation amplitudes at least if the mechanical damping rate is low
enough. So this behavior is known as dynamical multistability and it's a
very important feature of these optomechanical attractor diagrams. What
this means in practice is also that you can get effects such as hysteresis
so that would mean if you change external parameters like the detuning
or the laser power, you will wonder around on these attractors and you
might easily jump from one attractor to another and then if you change
parameters back to their old values, you may not necessarily end up at
the same behavior of the system so the typical behavior of a multistable
system hysteresis is also observed in optomechanical systems.
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Now, all the complex behavior we have seen just now can, of course, be
observed in the numerical simulations. Here you see a limit cycle
oscillation where the light field pattern is already rather complex but
more insights will be gained if we are able to change parameters and see
at a glance what happens at different parameters. And that's what
parameter sweeps are there for. So you can, for example, pick a small
detuning, set this as the start of a parameter sweep then pick a large
detuning, set this as the end of the sweep. And if you activate the sweep,
instead of having a curve versus time, you will now find the intensity
and the position plotted versus detuning. As in any real experiment, the
details of the outcome of such a parameter sweep depend on how fast
you sweep the parameter. So you can play around with a sweep time.
Maybe you want to take it rather large in order to approximate an
adiabatic parameter sweep. You also see the behavior looks quite
complicated and the reason is, of course that on this scale you already
don't resolve the individual oscillations anymore.
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In order to ameliorate this a little bit, you can check out flag that says
show only the kinetic motion amplitude which means you extract
something like the amplitude that we just discussed and so then this is
much easier to understand and what you'll see here is really something
that has to do with the attractor diagram we just showed where as you
sweep a parameter like the detuning, the oscillation amplitude will
change. You also see the typical pattern of different kind of resonances
that depend on how far away you are from zero detuning. So resonances
are expected to occur when the detuning is an integer multiple of the
mechanical frequency omega but there's one very important aspect to
take into account here which is that all of this curve is anyway shifted
simply because the radiation pressure force will expand the cavity and
lower the cavity resonance and so that will shift everything.
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The cavity optomechanic simulator is also able to do 2D parameter
sweeps. For example, the one shown here where you plot the results
both against detuning and the drive amplitude and this works simply by
setting a vertical sweep start and vertical sweep end and then selecting
the 2D sweep. Once you have the 2D sweep, you can then in addition
change parameters like for example, the cavity decay rate which will
automatically lead to a recalculation of the whole sweep. So have fun
exploring the wonderful dynamics of optomechanical systems.
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Let us briefly explore another topic which is synchronization. Suppose
you have such a limit cycle. We already discussed the amplitude is fixed
but the phase is free to do what it wants. For example, it can be
influenced by external noise but also it can be influenced by the forces
of other oscillators that are coupled to the given oscillator.
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And so that leads us to the general question. What about the collective
nonlinear dynamics in an array of such coupled optomechanical cells
consisting of a mechanical mode and an optical mode. Now, one of the
most important phenomena that can occur in such a situation when you
couple limit cycles to each other is synchronization. That means the
phases can lock to each other and the frequencies can become the same
even if initially they had not been identical. This behavior was already
understood to some extent hundreds of years ago but it can also happen
in optomechanics.
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Here's an example. If you have just two optomechanical cells that are
coupled to each other and you vary both the difference of the intrinsic
mechanical frequencies and the mechanical coupling strength, you see a
phase diagram like the one shown here. If the mechanical coupling is
too weak and there is a some frequency difference then they will simply
remain unsynchronized but if you cross some threshold in coupling then
you observe synchronization and there can even be different types of
synchronization where the phases tend to be opposite to each other so
there's a pi difference and when the phases want to be close to each
other so there's a zero phase difference. First theoretical predictions of
optomechanical synchronization were obtained in 2011 and then very
quickly first experiments followed. You can go on from two
optomechanical oscillators to many.
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For example, you can consider at least on paper a whole array of
oscillators. Here each pixel represents a single oscillator and color
represents its phase and what you see here is the typical kinds of
patterns that will evolve in the phase field of such an optomechanical
oscillator array including topological defects that is spirals. At the
moment this has not yet been observed experimentally because it's hard
to build large arrays and drive them into a nonlinear regime but this is
an interesting area for exploration. So that is synchronization.
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And then finally, last but not least I want to mention another aspect. If
your drive even harder then instead of just getting limit cycles, you see
other phenomena like period doubling and eventually they will lead to
chaos. Chaotic irregular motion is the one depicted here. First
experiments also are relatively early already but the study of this is not
yet very far advanced and there's certainly a lot to be explored in this
direction.
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So let me conclude. What we saw in this little lecture is that first,
optomechanical systems can display a dynamical instability where
suddenly you have a growth of the amplitude of oscillations until they
saturate to some value that leads to mechanical limit cycles. These can
even have several different amplitudes so if you plot things as a function
of parameters, you explore what is known as the optomechanical
attractor diagram. And then finally, we also found that there are even
further interesting phenomena like synchronization and chaos. You can
explore many of these things yourself numerically in the cavity
optomechanics simulator.
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You can find the cavity optomechanics simulator at this web address.
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