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Hello everybody. My name is Dr. Peter Degenfeld-Shonburg. I am from
a Corporate Research of Robert Bosch GmbH and today I will give a
lecture on Modal Analysis in a Finite Element Simulation. It is the part
of the optomechanics mooc. We will first start with an intuition of a
mechanical mode. So in all what follows we will discuss mechanical
modes. And then we will discuss the big picture and then talk about why
we go through all the trouble with elasticity theory, finite element
modeling and modal analysis. We'll dig into the details. So what is the
generalized Eigenvalue problem in a modal analysis and then we will
discuss some properties of the mass and most importantly we will show
that the modes form a basis of your vector space, the so-called modal
basis and if you rewrite the equations of motions we are able to
decouple them into harmonic oscillators. At the end we will summarize
and conclude.
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All right. Mechanical modes. What do we have in mind? So to me the
most famous ones are the doubly clamped beam, the cantilever, and the
clamped membrane. All right so now everybody has a picture in his
mind of a certain modes and for this simple geometries there are
analytic solutions existing.
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So if you compare your Finite Element Model with this analytic
solution, you might wonder why bother at all with FEM, I mean, in
contrast to this analytics the FEM is much more, well, you need to go
through much more trouble to get the results and at the end you find that
frequencies and mode shapes fit perfectly together. But, of course, the
answer to this question is as soon as you leave this very simple
geometries, for example, if you dig holes into your membrane then the
analytics will be unsolvable. So what you need to do is you need to use
FEM.
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Another example of a certain geometry where there is no chance to
solve it analytically is what I have actually designed for this lecture only
to guide you through the examples is what we will call the OMT beam
in the following. All right so what is the take-home message for a
mechanical mode. So a mechanical mode has actually two things so one
is the shape of motion so it actually shows you the deflection of every
material point in your geometry from its resting position. But it's only a
shape of motion. It does not give you an amplitude. So, in fact, you have
to assign the amplitude of this shape yourself and typically you just
assign this amplitude by solving the equation of motion. Apart from this
shape of motion, you also have the resonance frequency and these two
things together will make up what we call a mechanical mode. A few
examples. These modes I think they are rather boring because, in fact,
they look very much like candy level modes here. Also this torsional
mode it does not appear in our early theory but it appears in a finite
element solution of a cantilever.
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But already at higher frequencies you can have, let's say, funky modes
or more interesting modes that is this ‘M’, you know, is doing all the
shaking here and somehow reminds me of this localized movement here
in this membrane but that's just exaggerating. The main point is that in
order to solve for such a modes you really need finite element modeling.
There is no analytic hope.
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Okay. Let's come to the big picture. So in every Finite Element Model
there is typically a fundamental physical theory beneath it. So for
mechanical modes there is elasticity theory beneath it and so why is
elasticity theory so problematic? Why is it not useful? Well. In fact, it's
just impossible to solve elasticity theory for arbitrary geometries and
boundary conditions. Why? Because you need to solve the partial
differential equation for a field variable. The field variable is the
deflection of every material point at coordinate point 'x' and in time 't'.
So basically it's just very hard to do if not impossible. And then we
entered this great idea of finite element discretization. In finite element
discretization, you don't solve for the field variable 'u' so you do not care
of the displacement at every material point but instead you introduce a
mesh of your model and this mesh contains nodes and at these nodes
you actually account or calculate the deflection 'u'. And now only at
these nodes it suffices to to solve an ordinary differential equation for
vector-valued variable. This vector might be large but still you just need
some numerical efforts and then you can solve well, the finite element
version of your elasticity theory equations.
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These typically look like this so you have a map usually you have
element matrices, the mass, the stiffness. You also put some external
forces into your system and then that basically makes up your dynamics
so your equations of motion. Another remark. In-between these nodes,
of course, you can also get the deflections but basically it's just clever
fitting functions between two nodes what you implement in a Finite
Element Model. All right and the next step is again a very nice magic.
It's the modal representation. So imagine that you are studying a High-Q
oscillatory problem. That's what we typically study in optomechanics
and also very often study in MEMS design. And in this case and that's
the topic of this lesson, we can show that this displacement ‘u’ which
still might be a very large vector, you can represent by the so-called
modal representation so by a linear combination of mode shifts. And it
turns out that for High-Q systems it actually suffices to only account for
the amplitude of a single mode. And then your differential equation is
very simple.
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It's just an ordinary differential equation for the scalar variable, the so-
called modal amplitude and this is enabling for not only classical
problems but especially for problems in the quantum domain because,
you know, in the quantum domain it's hard enough to solve a single
mode problem or maybe a two or three mode problem but it's certainly
is impossible to solve for so many degrees of freedom as encountered in
the modal representation here. Yeah, that's the big picture. That's a huge
deal. So the complex elasticity theory we are able to represent by a
single mode and its modal amplitude.
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Also in industrial applications so in what we call MEMS design what
we do is a modal analysis so we try to design a geometry which fulfills
certain functionalities and that means, in fact, that we need to design a
geometry where certain modes have certain functions and then you
really can say that MEMS design heavily relies on the efficiency so
meaning that the modal analysis needs to be fast enough so that you can
do try and [inaudible] here and we also rely on the accuracy of the
modal analysis because we have certain specification limits for
frequencies and so on. Yeah, so modal analysis is a very important tool
for MEMS design.
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Okay so this was the big picture. Let's now go into the mathematics,
into the details and basically what we're doing here is linear algebra. So
a modal analysis is nothing but the solution to a generalized eigenvalue
problem. So this generalized eigenvalue problem has two matrices 'K'
and 'M' and it has eigenvalues and eigenvectors and the eigenvalues
correspond directly to the eigenvector so to the resonance frequencies of
the mode and the eigenvectors they correspond to the mode shape. And
typically you just calculate a handful of modes so definitely a lot less
number of modes than the number of degrees of freedom otherwise the
modal analysis does not really help you in terms of efficiency. Okay. So
back to these matrices 'M' and 'K'. They are called global mass and
stiffness matrices and they are constructed by the FEM in a certain way
which we cannot discuss in detail but let me tell you some basic things
that you should know. So the mass matrix definitely depends on the
density so that's a material property that enters the mass matrix and the
stiffness matrix depends on all the elastic constants in your model such
as Young's Modulus, for example.
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Then the matrices also depend on the element types so I don't know if
you have worked a lot with finite element, you find a large number of
different element types. Here I just stated the two most really known
state-of-the-art elements so the 10-node tetrahedral and 20-node
hexahedron which is basically used here. Of course, it also depends on
the boundary conditions so fixed support etc. And interestingly so the
stiffness matrices depends on the coordinates addressed so the mesh
coordinates addressed and, of course, also on the connectivity of the
nodes so which nodes do you happen connected over two elements.
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Okay. So what are the mathematical properties that arise by construction
and physical reasoning? Okay so one is the these matrices are quadratic
and their dimensions correspond to the degrees of freedom so typically
it's the number of nodes times three but if you wonder why your matrix
dimensions are smaller in most cases than your degrees of freedom.
Well, it's because you have to exclude the nodes at the boundary. All
right. The next one is these matrices are highly sparse. Here I show you
a MATLAB plot of where the matrices are different from zero and
interestingly what you see is that also the mass matrix is sparse but it's
not diagonal. So this is a typical misleading idea so sometimes people
think that nodes have a certain mass and this certain mass you just write
into the diagonals of a mass matrix. But that is indeed not the case so in
the general finite element formulation, the mass matrix is off-diagonal.
All right. Both matrices are symmetric by construction. Here just a
screenshot. As you can see, these matrices are symmetric and if I take
the norm of the matrix minus its transpose, it's actually identically zero.
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And then the last one which is very important is the positivity of the
matrices so both matrices are positive definite which we can here now
quickly show by calculating the smallest eigenvalues and as you can see
these smallest eigenvalues are positive and together with this property
that these matrices are symmetric the smallest eigenvalue being positive
is a direct proof of the positivity. So these matrices are positive and
symmetric and highly sparse.
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Okay. Let's go to the idea of a modal basis. So let's recall the
generalized eigenvalue problem and now you know that the mass matrix
'M' is not diagonal. So the first question I had when I studied this first
coming from my university studies of Physics is, can I transform this
equation to a normal eigenvalue problem? Why? Why should I ask
myself this question? Well, the answer is because in Physics you always
find normal eigenvalue problems so, for example, in the Helmholtz
equations of electrodynamics or the stationary Schrodinger equation of
quantum mechanics. So here, for example, what you have is a normal
eigenvalue problem so your Hamilton operator or in finite-dimensional
Hilbert spaces, it's just a matrix is actually Hermitian and we know that
Hermitian matrices have eigenvectors which form a basis. So can we do
the same here and the answer is yes. We can do that by doing three
steps. So step one. We use the positivity of the mass matrix to do a so-
called Cholesky decomposition. That means that we write 'M' like this
and the most important fact is that this matrix 'L' and its transpose, they
are regular matrices so they are, in particular, invertible.
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Again I have used this OMT beam and done the numerics with this
element or matrices of it and indeed I can do this decomposition hence
there is also an inverse and perfectly fine. All right so then the second
step is to introduce two new quantities so one is this matrix ‘A’. It's
defined like this. Stiffness matrix here in-between sandwiched from left
and right hence this vector psi which is basically the the shape vector 'S'
multiplied by this transpose. And you can do it on the piece of paper. It's
done quickly. You just multiply 'L' to the minus one from the left to the
GEP. Introduce this definitions and then you arrive at this equation and
this equation here is exactly what we wanted. It's a normal eigenvalue
problem. And on top of it we have a matrix 'A' which indeed is
symmetric because 'K' is symmetric. And then we know from all we
have learned from linear algebra and quantum mechanics and so on that
if or since 'A' is symmetric, we know that its eigenvectors form an
orthonormal basis of the nodal space so the vector space of all the
degrees of freedom. Yes and we actually normalize this so these vectors
are orthogonal and we normalize them to one for what follows.

Notes

Summary

15
m

 0
6s

WEEK 6: Experimental methods 16 of 24

15

https://mediaspace.epfl.ch/media/0_mx434iti?st=906


All right and in the third step we can argue that since the size form a
basis they are linear independent and here is the proof of the next
conclusion, is that since these are linear independent, we can write down
this if and only if all the a's in this are linear so superposition as zero
and then we can introduce for psi we can introduce this definition, ‘L’
transpose times shape function. And now since we know that 'L' is
invertible, we can move it to the other side so it will goes away. It goes
to zero. And then we are left with this superposition of the shape
functions which are zero and 'ai' are all zero. So it means that the shape
functions form linearly independent and, therefore, they form a basis of
the nodal space. However, now the shape functions are not necessarily
orthogonal.
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All right. How do we now do the next magical step? How do we
decouple the equations of motion into harmonic oscillators? Well, let us
remind ourselves this was the equation of motion in the finite element
notation. And now since the shape functions form a basis of the nodal
space, we can always write this thing here and what this thing tells you
is that every arbitrary deflection 'u' which is a large vector as a function
of time, you can write as a linear superposition of modes and the mode
shapes they don't contain the time dependence and only the, you know,
scalar valued quantities 'qi' which are the so-called modal amplitudes
contain the time dependence. And I want to stress the fact that this
modal representation, this linear superposition of modes always works
because 'Si' is the basis or forms the basis so you can always do this.
Sometimes people confuse the fact that this is a linear superposition
with issues in non-linear equations. So even if the matrix ‘K’ is non-
linear as a function of 'u', or the forces are non-linear as a function of 'u'
even then, even if you have non-linear problem then you can write this
linear superposition.
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It's convenient to rewrite this linear superposition into this form with
this modal amplitude vector 'q' which just contains the modal
amplitudes like this and this matrix ‘U’ which contains the shape vectors
in its columns. In the next step, we write our equation of motion and
then so the nodal one into so-called modal equation of motion. Like this
we just introduce the definition of 'U' in here and take advantage of the
fact that the time derivative only acts on 'q' and then we multiply the
transpose of 'U' from the left. And then we have this modal matrices.
Here the modal mass matrix, the modal stiffness matrix and the modal
forces. And why do we do this transformation in such a way? Well, we
do it because in this way we can show that our modal matrices become
diagonal so, in fact, the modal mass matrix here in red depicted. It is
proportional to the ident... so it is, in fact, equal to the identity matrix
that's what these two red things are saying. The proof in black is in-
between. The same thing holds true for the stiffness matrix so if the
modal stiffness matrix becomes diagonal and its diagonal elements just
have the omega squared in it and again the proof is in black here.

Notes

Summary

19
m

 1
4s

Finite element simulations 19 of 24

18

https://mediaspace.epfl.ch/media/0_mx434iti?st=1154


You can do it. You can pause the video and do it more slowly. Let's go
quickly through the proof. So we use the definition of the psi so these
are orthonormal so they are orthogonal and normalized to one. So if this
equality is true and down here we use the fact that the omegas are the
eigenvalues of 'A' with these eigenvectors. Okay and then we just start
plugging back in definition so for psi we put the 'L' transpose times 'o r',
Sorry that's it. I put this. This 'r' should be an 'S'. I’m sorry so this small
'r' should be the 'S' here. Okay. Apart from this typo that's one 'm'. All
right then and in this next thing equality here we use all we know from
the things we have learned from the bracket notation in quantum
mechanics so we bring this over here then it loses its transpose. And
here as well. Then we realize that this and this is nothing but the mass
and the stiffness matrix. And from there we conclude the proof. Again
just pause the video and then do it slowly. All right. So and then the
magic happens so we have managed to rewrite the nodal equations of
motion into modal equations of motions which is nothing but a bunch of
harmonic oscillators. Of course, there's a small disclaimer for the
damping.
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Typically the damping can be off-diagonal depending on how you
model it but for now we just assume it's a very good approximation to
make it diagonal which, in fact, it is very often the case. Almost always,
let's say, and we can introduce this very important quantity, the so-called
quality factor for every mode and basically this equation we can solve
analytically. So let us remind ourselves of what was the analytic
solution of the harmonic oscillator and its most important feature. So we
have learned that in oscillatory systems where you drive your system
with a single frequency with this oscillatory force with a single
frequency then your system reacts according to this transfer function so
it means that the amplitude of oscillation will be the force divided by
stiffness multiplied by this transfer function. So whenever the external
excitation frequency matches your resonance frequency, you will have
what is known as the q-factor enhancement here.
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So in typical studies of High-Q systems we have the High-Q because we
want to introduce only small forces and that's what happened and what's
happening so we introduce small forces and almost every mode is just
deflected by, well, it's static deflection without any q-factor
enhancement, but if you hit one of the modes, you know, by hit I mean
if the resonance frequency of the drive equals the resonance frequency
of the mode, then this mode will oscillate which with an amplitude
which is enlarged by the quality factor so and then in High-Q systems
we are talking about ten to the four or even ten to the nine.
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So before I present the important conclusion, summarize quickly so we
have we have learned about the generalized eigenvalue value problem
which is the description of... which is the foundation of the modal
analysis and we have seen that the eigenvectors and eigenvalues of this
GEP just correspond to the mode shapes and the resonance frequencies.
Now we have learned some important properties about the global
element matrices like symmetricity and positivity. Most importantly we
have understood that mechanical modes form a basis for the nodal
space. And by rewriting the equations of motions in the nodal space into
this modal basis we can find simple equations where we just have
harmonic oscillators which are all decoupled in the linear regime. So
now let me conclude with what is fascinating here. So this erratic
construct is fascinating because we have managed to go from a very
complex elasticity theory to a very simple representation of the simple
harmonic oscillator just by doing a modal analysis to find the modal
representation and by doing all these mathematical tricks. So yeah, this
is a very fascinating concept and it's enabling to do quantum mechanics
with mechanical modes.
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But I also want to stress again the fact that the final element is what
allows us to do this for, you know, to do this fascinating modal
transformation for any arbitrary geometry and we can do it by what is
known as the modal analysis.
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