Testing

t-1ests

Michel Bierlaire

Introduction to choice models

Gl

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

.looklng simply es t mati total
© les
S .
ndividual E s alculate [y et
Obtalnlme¥r e s 0 @pplied | i o signa s select derive .
electrlc h O l C behavior 4 g—% = m“
o [ -
used [, ... o ol c - Ulcalled @
P I’ob bility \J' A" ; - AR QS
. ° : H
normal dlstrlbutlo R °n e +
]. assoclated e e many true value s Jnl o
~x_in
s ok -
t a t l V e important dlfference 8 - o’ l_l © o
duct way term " U5 £ sl . discrete choice
B context W=D = 4, Svariance b
= E RN 4—’ c
t 2 remember B = S
3 pe o -
bt correct b E table
$ we true 2 l t , application S beta Q) > l—|
5 5 population Q_bd i) —
b= epsilon.i interval 4_, mate 5
- econom 1( (haracte istic
se suggest socio economic error
include 2 .exactly m nus theta
peop epractlce maybe utility ecisio Spelelcatlon | ) =" M larger Cp
o attribute “ pp y §
max;fu@lge.geh&oﬁ check usuall < 9.
minus y L LIS ©
call distribution ¢

Search MOOC

=PrL



https://cede-webapps.epfl.ch/video-sequence-search/?csv=en_CHOICE-2
https://mediaspace.epfl.ch/media/0_ls58yno1
https://mediaspace.epfl.ch/media/0_ls58yno1

Usage of the t-tests

Hello. In this video, we will look at one of the most important statistical
tests that is applied on choice models.
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t-test

Question
Is the parameter 6 significantly different from a given value 6*7

> HoZHZH*
> Hy: 0+ 6"

Statistic (assuming maximum likelihood estimator)
Under Ho, if 8 is normally distributed with known variance o
0 — ¢

ag

~ N(0,1).

It's the t-test. So the objective of the t-test is to analyze the question that
the parameter, a parameter of the model, let's say theta, is equal to a
given target value theta star. Actually, we would like to see if the value
that we obtained from estimation is actually significantly different from
this value theta star. Basically, the null hypothesis is that the true value
of the parameter is indeed theta star. And the fact that we have a
different value from the estimation, theta hat, is a result of the fact that
we have drawn a sample from the population and that we have used
inference. So this is purely inference errors. That's what we mean by
"significant". Now, if H_O is true, meaning that the true value of theta is
equal to theta star, what we can show is that the statistic that is
represented here has a given distribution. So this statistic, the
distribution of theta hat, the estimated value, is distributed as a normal
distribution. And more specifically, theta hat minus theta star, which in
average should be equal to zero if theta star is the true value of the
parameter, divided by sigma, which is the standard error of the estimate,
is a normal distribution with mean zero and variance one.
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t-test: under Hy

So it means that, if H_O is true, so if the true value of the parameter is
indeed theta star, 95 percent of the time, when we draw a sample and we
estimate the value of theta from the sample, the value that we will
obtain will be between -1.96 and 1.96, which correspond to the
quantiles of the normal distribution.
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t-test: if the statistic lies outside

95%

-1.96 1.96

Ho is rejected at the 5% level.

Now, if we look at this logical relationship in the other direction, it
means that if the statistic lies outside this range (so, if we happen to
calculate the statistic, and its value is below -1.96 or above 1.96), in that
case, we can actually safely reject the null hypothesis. We know that we
will make a mistake 5 percent of the time, but this is what we are
willing to accept as a margin of error. So, this is the idea of the t-test.
When the statistic lies outside the interval -1.96 and 1.96, we say OK,
maybe it's due because we have drawn a wrong sample or very specific
sample. Maybe... It will happen only 5% of the times. But we believe
more that it is due because of the fact that H 0 is not correct. So we
want to reject it.
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Applying the test

Statistic

*

P(—1.96 < < 1.96) = 0.95 =1 — 0.05

a

Decision
Ho can be rejected at the 5% level (o = 0.05) if

6 — o

ag

> 1.96.

OK, so the statistic that we calculate (theta hat minus theta star divide
by sigma) the probability that it lies between minus 1.96 and 1.96 is
equal to 95 percents, as we saw in the picture. And, actually, 95 percents
is one minus five percents. Five percents is the level at which we would
like to apply the test. So now, the decision that we apply in practice is
that, we consider rejecting H_O at the five percents level if the statistic,
in absolute value, is larger or equal to 1.96. But, remember, I use here
five percents for the sake of the example, but in the context of
specification testing, there is absolutely no problem to use higher values
for the level, meaning lower values for the t-test.
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Comments

If § asymptotically normal

>

» If variance unknown

» A t test should be used with N degrees of freedom.

» When N > 30, the Student t distribution is well approximated by a N(0, 1)

3m 47s

So why is it called the t-test? In theory, if theta hat is asymptotically
normal, which is the case with maximum likelihood estimation, and if
the variance is unknown (which is usually the case: we use the
estimated variance and not the true one) then a t-test should be used
with N degrees of freedom. But in practice, you can see that, when N,
the number of observations in the sample, is thirty or larger, then this t
distribution, the so-called Student t distribution, is well approximated by
a normal distribution. So, therefore, in practice, because we most of the
time have more than thirty observations, we can use the normal
distribution to apply this statistic. Even if it is called a t-test, it is applied
with a normal distribution.
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p value

» probability to get a t statistic at least as large (in absolute value) as the one

reported, under the null hypothesis
» it is calculated as
p=2(1-o(t))
where ®(-) is the CDF of the standard normal.

» the null hypothesis is rejected when the p-value is lower than the

significance level (typically 0.05)

Now, sometimes, it's useful to represent the same information using a
different value, which is called a "p-value". The p-value will basically
convey exactly the same information as the t-test, but in a different
format. What is the p-value? The p-value is the probability to get a t-
statistic which is at least as large, in absolute value, as the one which has
been reported, if the null hypothesis is correct. If you calculate a t-
statistic, you can actually derive the p-value using this formula: two
times one minus the CDF of the normal distribution calculated at t. And
now you can use the p-value exactly like you use the t-test. Now, in
practice, you would reject the null hypothesis when the p-value is lower
than the level you are targeting. So, typically, five percents. If p is lower

than five percents, you would reject the null hypothesis.
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Comparing two coefficients

Hypothesis
Ho : 1 = Ba.
Statistic
By — B
\/V3r(/§1 - //3\2)
where

Var(31 — 32) = Var(31) + Var(B) — 2 Cov(B1, 32)

Distribution
Under Hy, distributed as N(0, 1).

Notes
The t-test can be also used to compare two coefficients. In this case, the

null hypothesis is that two coefficients are equal. This applies in
particular when you are making the assumption that a variable is
alternative-specific, so you assign a different coefficient for the
variables in different alternatives. But then you may want to test if it is
reasonable or not. So you test if the two coefficients that you have put
are actually equal, in reality. So this is your null hypothesis. The idea of
the t-test is exactly the same. You calculate a statistic. This statistic is
given as the difference of the two coefficients divided by the square root
of the variance of this difference (and you can apply the formula for the
variance in order to obtain this calculation here), and this statistic again
is distributed as a normal zero, one if the null hypothesis is true.
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So now I suggest that you practice a little bit with these t-statistics for
testing a parameter against a specific value, calculate the p-value, and
also use the t-statistic to compare two coefficients, to check the

hypothesis that two coefficients are equal.
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