=PrL

= Ecole
polytechnique
fédérale
de Lausanne

X-ray tomography

Hough and Radon
transforms

Synchrotrons and x-ray
free-electron lasers

Techniques and
applications

Prof. Philip Willmott

. volume known expr‘8551on obtain point N reflectivity
S e thi discuss o ©
g within often :
Note back projection feature ] GJT;
¢ +y O q)
angle Radon transform la r e ('E' &0 hlgher
smaller variant o oT0] U
g term number partlcle SHSS“ o0
Srotein velcome back grientation beamline SPAN o ° many s nchrotron samples G
; o hard P LN phor y 5 5’) r h O (- L
U > g E“ mr n = detail m O
@ £ g 3 Fourler transform due
 pcston g ¢ Wsener al -
o mizziat 8 imaging transmission e B dimension
© discussion ®electron density = .
might 6]
phase Slgnal Sll lgmgm”"y : £ Scatterln
esolution ]ipe recorded  “gifferent function 1L - 8
scanning - position Cover e >
Finish o0 left . t t Q +~
o increase 9] begin 5 contras - 2 — o
8 s 2 = vector | E T n
R eg ree size ® produce | | difference g - c
g a Ca lled 8 Saiter rho theta g another change 8 (G O
& ot attern g
< 8 o
5 import I _S_ extremely half source informatioribsorpmqon edge % 8 E
9 nanometre require dimensional
§ObJeCt”“‘ divided t Oy o
E: structure factor EmlCrOn

structure

L]
X
©
)
=
-
=
D
)
—+

EPFL

cos theta square

amplitude

possible d§fraction pattern

values

Search MOOC



https://cede-webapps.epfl.ch/video-sequence-search/?csv=en_SYNCHRO2-2
https://mediaspace.epfl.ch/media/0_wvsubmni
https://mediaspace.epfl.ch/media/0_wvsubmni

Contents and objectives of this video
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» The Hough transform
= Why bother?

» The Radon transform (1917)
= Sinograms

= Back projections described in Radon
transforms

Hi again. In this video, we continue to discuss back projections in
mathematical terms. We begin with the conceptually simple Hough
transform, followed by the Radon transform, a little more complex in
nature. This will allow us to describe sinograms mathematically and
back projections in terms of the Radon transform. This will allow us to
obtain faithful image reconstructions, from sets of projections.
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Notes

Summary
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Om 35s

Parameterizing lines - the Hough transform

= We all know
Yy=mx+c

= But what if line is vertical?
= m =00, y undefined

= Define line through the Hough transform

p=xcost +ysint

Now, most commonly, when we describe a straight line, we tend to do
this using the very well-known and simple expression that y is equal to
mx plus c. m is the gradient and c is the constant. But unfortunately, if
the line is perfectly vertical, m is infinite and y is completely undefined.
Now to get around this problem, we can instead define any line through
the so-called Hough transform, given by rho equals x cos theta plus y
sine theta. Note that even for vertical lines for which theta equals 0
degrees, the second term on the right equals zero, even if y is undefined,
as sine theta is equal to zero. So essentially, rho is a vector between the
origin and the line touching that line at its end at 90 degrees to that line.
We see this makes sense by breaking rho down into two components,
one given by x cos theta, the other by y sine theta. Hence, for a fixed rho
and a fixed theta, our line is completely defined.

Notes

Summary
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1m 51s

The Radon transform

g(p,@)z/ / I(z,y) d(z cosf + ysinf — p) dz dy
—00J—0

= 0 otherwise

d(z cos @ + ysind — p) {

Y

=11if zcosf +ysinf = p

A

»niv

P1

—_—_)

P2

Now let's consider a slice through an object, with a varying absorption
intensity I as a function of x and y, this is being irradiated by a beam of
X-rays at a certain angle theta, which we break down into a set of
parallel rays, each one defined by rho 1, rho 2, rho 3, etc, etc, etc. The
index for rho in general, we label j. So for the line defined by rho j, the
transmission through the object will result in the data point G, a function
of rho and theta. So rho j, and theta in this case, for a given rho and
theta. Our challenge now is how to describe mathematically G rho,
theta. We can see that it is the integral along the thick red line defined
by rho and that part of the entire line that lies within the absorbing
object. What we do is integrate along the entire x-y plane, including an
expression that ensures that only those X,y pairs, which are associated
with rho, are selected. This expression looks like this. It is the delta
function expression that selects only the relevant x,y pairs. It's defined
as being equal to 1, if x cos theta plus y sine theta is equal to rho, and
zero otherwise. G rho theta is the Radon transform.

Notes

Summary
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Visualisation of the Radon transform - sinograms

So we can produce a 2D visual output for G, as a function of both rho
and theta. This is the sinogram we met in the second video of this
section. Two examples are given here for a triangle and circle of

differing absorption strength, and a cartoon fly.

3m 27s

Summary

Notes

5.1 X-ray microtomography - background concepts

50f9


https://mediaspace.epfl.ch/media/0_wvsubmni?st=207

3m 46s

Back projections in terms of g(p,0)

= For a given pair of values p and § project
back the value g(p, §) along the
corresponding row p = x cos f + y sin 6

= pand @ completely determine the values
of xandy

Fy(x,y) = gz cosO + ysind, 0)

Now do this for all lines p for a given 0 to
obtain a back projection in one angular
direction

= Then sum up these over a set of ¢
between 0 and n={6;.}
(€.g.0,1,2, ... 179°)

Z Fy(z,y) “Laminogram’
{0k}

Now we've got our expression for a sinogram, how do we next use this,
to generate back projections? This is fairly straightforward. For a given
pair of values for rho and theta, we should project back the value G rho
theta along the line rho. So the back-projected image at theta, which we
will call big F theta as a function of x and y, is equal to the value g x
cosine theta plus y sine theta, theta. We repeat this for all the lines rho
for a given theta.

Notes

Summary
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https://mediaspace.epfl.ch/media/0_wvsubmni?st=226

Back projections in terms of g(p,0)

= For a given pair of values p and @ project
back the value g(p, 6) along the
corresponding row p = x cos 6 + ysin 6

= pand @ completely determine the values
of xand y

Fy(z,y) = g(xcos + ysinb, )

= Now do this for all lines p for a given 6 to
obtain a back projection in one angular
direction

= Then sum up these over a set of
between 0 and n ={6;.}
(e.g.,0,1,2,...179°)
Z Fy(z,y) “Laminogram”
{0k}

Lastly, we change theta to a new value, and repeat the above and sum
these back projections for all values of theta in a set, say between 0 and
179 degrees in one-degree angular steps. This results in a so-called

laminogram.

4m 23s

Summary
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Comments to this video relevant to the next

= Why oh why did we bother with this
formal and mathematical derivation of a
simple (unfiltered) back projection (or
laminogram)?

= No, | mean really, why??

= Well, remember the last video, when we
said we needed to get rid of the halo
associated with these simple back
projections?

= Come on, admit it. You remember

= Well, the next video builds on this one to
enable us to do just that

fi

So to summarise this video, you might be wondering why on earth, did
we bother to derive this mathematical expression for a laminogram, also
known as an unfiltered back projection. The clue is in the word
unfiltered. We want to get rid of the halo effect, and this is best done via

a filtering process.

Summary

4m 41s
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In the next video...

So in the next video, we will build on all we have learnt in this video,
and this will allow us to recognise the correct approach to remove the

halo.

Notes

Summary

5m 03s
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