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Hello, again, this video follows directly on from the previous one,
where we take our expression for laminograms or unfiltered back
projections and discover that there is a close relationship between a set
of 1-D back projections at different angles and the 2-D object that
produces them. Now, for this, we unfortunately have resort to Fourier
transforms, but hey ho, that's life. Now, once we have achieved our goal,
you will hopefully see from the Fourier transforms why, mathematically
speaking, the halo arises and how we must proceed in order to remove
it.
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https://mediaspace.epfl.ch/media/0_3oxwe0ga?st=5


What we rather pointedly are now going to ask is, is there a relationship
between the 1-D Fourier transform of the back projection at one angle
theta, g rho j theta, and the 2-D Fourier transform of Ixy describing the
object. Needless to say, the answer is yes, or otherwise, I'd really be
wasting your time. Now, the relationship between these two entities is
called the Fourier Slice theorem. We'll begin by providing an expression
for the Fourier transform of our single-angle back projection. The
Fourier transform of little g as a function of rho theta is called big G as a
function of omega theta, where omega is a set of spatial frequencies. As
always with Fourier transforms, big G equals the integral across all
values of rho of little g times the exponent of minus two pi I omega rho
d rho. What this expression is saying mathematically, is what is the
spectrum of spatial frequencies omega that contribute to make up our
single-angle back projection. We should also remember that the radon
transform little g is itself the double integral across the plane containing
Ixy multiplied by our Delta function that selects only those values of x
and y that lie on the line defined by rho, as we derived in the previous
video.
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https://mediaspace.epfl.ch/media/0_3oxwe0ga?st=44


Thus, we obtain an increasingly frightening looking triple integral over
x, y, and rho of the radon transform multiplied by the exponent of minus
two pi I omega rho. We can quite legitimately rearrange this expression
thus, as x and y in Rho are all independent of one another. Importantly,
this term delta is only nonzero and equal to unity when x cos theta plus
y sine theta are equal to rho. Hence, we can substitute for rho in the
exponent term to obtain big G is equal to the double integral over x and
y of the object's 2-D absorption profile Ixy multiplied by the exponent
of minus two pi I omega times x cos theta plus y sine theta. Now we
substitute omega cos theta for u and omega sin theta for v, and we
obtain the relatively simple expression that big G the integral over x and
y of Ixy times the exponent of minus two pi I multiplied by ux plus vy. u
and v are frequencies in the horizontal and vertical direction,
respectively.
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https://mediaspace.epfl.ch/media/0_3oxwe0ga?st=150


Our expression for g, omega theta is thus the Fourier transform of the
original image Ixy along the line, u is equal to omega cos theta, and v is
equal to omega sin theta. Now, what does this mean physically? In
words, this means the 1-D Fourier transform of our projection equals the
slice through the 2-D Fourier transform of the 2-D image at the angle
theta. To repeat big G, the 1-D Fourier transform of little g, which is
itself the projection of the 2-D absorption intensity profile of an object
Ixy at a certain angle theta equals the components of the slice of the 2-D
Fourier transform of Ixy at that same angle theta. This is shown
schematically here.
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https://mediaspace.epfl.ch/media/0_3oxwe0ga?st=241


If we repeat this for a set of angles between nought and pi radians, a
complete set of Fourier components will be obtained. Note that the
density of these Fourier components is highest in the centre and lowest
at the edges. This is an extremely important observation and will help us
in solving our halo problem.
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https://mediaspace.epfl.ch/media/0_3oxwe0ga?st=300


Before we simply inverse Fourier transform the 2-D Fourier data we
have obtained via the preceding approach, in the hope of obtaining our
real space reconstructed slice, let's pause just for a moment and think a
little more about what this uneven distribution of Fourier components
means physically. The low-frequency components close to the centre of
the Fourier transform are overrepresented or oversampled, but it is
exactly these low-frequency components that are associated with
smooth, large features. This is the source, mathematically speaking, of
our halo artefact. For a given ring of components at some radius omega,
there is a constant number of Fourier components equal to 2n, where n
is the number of recorded projections. Hence the annular or
circumferential density, that is the density along the ring is equal to 2n
divided by 2pi omega which is equal to n divided by pi omega. Hence,
in order to make the weighting of each component equal, we need to
multiply them by their absolute omega values. This action and similar
variants to this is called the filtered back projection.
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https://mediaspace.epfl.ch/media/0_3oxwe0ga?st=320


Just to go through this for completeness's sake, if we begin with a given
absorption profile A(x) for a fixed angle theta and take the Fourier
transform of this, then modifying this using a simple ramp or so-called
Ram-lak filter produces a modified Fourier transform in which the
higher frequencies are much more visible than the original Fourier
transform. The inverse Fourier transform results in the filtered
absorption profile. The sinogram thus looks quite different. Note also
that we have only considered the simplest case of a linear ramp filter.
There are others which might be more appropriate depending on the
detailed features of the sample, where too much enhancing of high-
frequency components may result in ringing and artefactually sharp
edges. Two alternatives called the Shepp-Logan and cosine filters are
shown here.
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https://mediaspace.epfl.ch/media/0_3oxwe0ga?st=406


Here is a simulated example of the cartoon fly we've already met,
recorded in half-degree steps. The sinogram looks like this
reconstructing the image from the sinogram without any filtering results
in the blurry image with halo as expected.
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Filtering the sinogram with a Ram-lak filter, as shown in the previous
slide, results in contrast with a much more faithful reconstruction with
far higher fidelity and detail.
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https://mediaspace.epfl.ch/media/0_3oxwe0ga?st=485


Thus far, our procedure has been to take the sinogram, take the Fourier
transform of each of its rows, filter this with some frequency filter, and
then back-project the filtered sinogram. However, from the convolution
theorem, we know that if the Fourier transform of a function, in this
case, our sinogram is multiplied by a filter function in frequency space,
this equates to the sinogram itself being convoluted by the Fourier
transform of the filter function, which, in the case of a Ram-lak filter,
produces the function shown here in red.
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With the computing and number-crunching power of modern computers,
direct image reconstruction without filtered back projections can be
achieved today through the inverse Fourier transform and the Fourier
slice theorem as shown here in this animation.
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https://mediaspace.epfl.ch/media/0_3oxwe0ga?st=534


We complete our basic background knowledge of tomography in the last
video of this first section, in which we consider some practical aspects
related to tomography beamlines from the source to the x-ray optics, all
the way to sample manipulation requirements.
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