(1L

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

Intro to traffic flow modeling and ITS
Raphaél Lamotte

minimize decision

rampenalygltlgrlngmderstand' origin l
<iaia O 1N TIENsIty USEer example
1ncrease eteCtOI’ arrival rate .

>
start [ e CapaClty t t constant compare @ norning
video P axi raffic
small link arriyal time ® ramp num ers =
utility rateshow as CVve  city j
maybe arrive shockwave exactly 5 discuss 4
4 Fp free flow . cars part o S
become cost vatues called lntegralalready
day iepareure roce O VET AZE d l —
) noney ©
highway Ghased higher H}luose e inflow c
solve move -—
smaller type [oY4)
traffic max1mum® space t"ansfer flow ivided dat st ©
calculations © ata ©
- ravel time £
S g congested downstream ' c
o
v mlght o interva measurement  gama preferences E
. £
descrlbe e><1st driver Do o> dema_n ) ©5
S Tpduration depend 002 T0 specific Sr
- 2 e et Change oa
i many o0 graph 0n°
9] user equilibrium © (- o
S red ! alpha lflgure o . relationship o3
. high ane ° simple S
“ S triangle | o[ wee instance wen Tunction 3
> C mean MED operate waiting time
ety Ame 0CCUPANCYarisble another
£
EE bottlenéctk ==
+ =
5 Y .. SCheduled penalty TocatTon similar

Search MOOC

=PrL



https://cede-webapps.epfl.ch/video-sequence-search/?csv=en_ITS-1
https://mediaspace.epfl.ch/media/0_d53w080g
https://mediaspace.epfl.ch/media/0_d53w080g

Om 05s

approximation?

Hello, we saw in the last video that cold choice problems are easy to
solve when they belong to the category of contestant games catches
when the utility function of a traveler only depend on the traffic volume
and the arcs that this person uses. This assumption is often reasonable
when the arc-flows do not depend on time. But when they do, the

problem becomes much more challenging.

e Week 7.2 — Static Route Choice
(congestion games)

Notes
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e Week 7.1 — Equilibria in Transportation

e Week 7.3 — Departure Time Choice (l)
e Week 7.4 — Departure Time Choice (II)

e Week 7.5 — How good is the equilibrium

Summary
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e Without departure time choice:

: Demand T (i +1
i+
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=f(n(),q.(G + 1))
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Let's consider again a simple example with two routes. But this time the
demand is specified as a function of time. From 7:30 to 8, the demand is
1100 vehicles per hour, from 8 to 8:30, it's 1400 and from 8:30 to 9, it's
900. Let's not consider that the road one as a bottleneck. If all the
demand goes through that bottleneck, then that might be queues for
instance, in the capacity of this bottleneck is 1200 vehicles an hour, that
would be queue developing between 8 and 8:30 and when the next
demand will arrive, there will still be some queue, because all vehicles
will not be able to pass between 8 and 8:30. So the travel time for
vehicles of time interval day + 1 will depend on the number of vehicles
on link 1 the end of interval J + on the demand on link 1 during interval
[J+1]. This event without departure time choice, it's already more
complicated than in the static case.

Notes

Summary

Departure time choice
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The morning commute problem

\Wrlx

8 AM

i

This type of example is only one bottleneck per route is relatively
simple, so we can actually solve it. But as soon as we start having
multiple bootlenecks per route, or multiple routes using the same
bottleneck, it becomes quite complex, we can have multiple equilibria
and we don't always have a general method to find them. Practitioners
use simulations or heuristics that didn't always work. And when they do,
we don't know whether the equilibrium are deformed or the only ones.
In order to get some intuition, we need to consider very simple cases. So
imagine that we have N commuters living in a residential area and that
they need to go from home to work in the morning. To go from home to
work, they need to pass by bottleneck and this bottlneck as some
capacity as an ideally they would like to arrive at work at 8am. They
cannot arrive at 8am due to the bottleneck capacity. So what we will
have is that queues will develop just upstream of the bottleneck. And
some users will arrive early, while others will arrive late.

1m 34s

Notes

Summary
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e “Marginal utility” point of view:

12

U=ftd@dt+j w(t)dt
0

ta

e h(t): marginal utility at home at time t_

e w(t): marginal utility at work at time ¢,

e Marginal utility of time spent driving
assumed to be 0 (reference).

o Marginal utility
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To evaluate the cost of these early and late arrivals and to explain why
condition appears, we need to specify the schedule preferences. Now
different ways of doing this, and one way is based on marginal utilities.
So we assume that people value differently the time depending on the
location and depending on the time of day. So for instance, this is the
marginal utility of being at home at time, T and W, is the marginal utility
of being at work at time, T. Usually, every minute that people spend at
home during the night is worth a lot for them. So the marginal utility
rate is quite high during the night, that in the morning, it's not as
important for them to be at home. So this marginal utility rate for being
at home decreases. Conversely, people usually don't like to be at work
during the night because it's useless. There is nobody else to work with.
But it's very important for them to be at work during the day. So around
maybe 8am we have a sharp increase in the marginal utility of being at
work. And what we consider here a 0 is actually the marginal utility of

time spent driving. This is just our reference.

Notes

Summary

Departure time choice
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e “Marginal utility” point of view:

12

U=ftd@g_)dt+] w(t)dt
0

ta

e h(t): marginal utility at home at time t_

e w(t): marginal utility at work at time ¢,

e Marginal utility of time spent driving
assumed to be 0 (reference).

o Marginal utility

-
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And we assume that the marginal utility rates are always positive, that it
means that it's always more useful for people to be either at home or at
work than in the vehicle. If it was not the case, they could simply stay in
the vehicle and drive around their workplace around their home, then
the total utility of a user is the integral of the marginal utility rate at the
place, this person is of a time. So for instance, imagine that some user
lives home at that time and arrives at work at that time, the utility of that
user would be this integral which is here plus integral there.

Notes

Morn;afime

Summary

4m 17s
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e “Schedule penalty” point of view:

U= -a(ty —tg) — SP(tg)

~—,_——

a : “value of travel time”
SP(t,): “schedule penalty” for arriving at t,

Example: «a — B — y» preferences

=~

.

+y

>

schedule penalty

Cd

I Arrival time
t*

An alternative point of view considers that the utility is the same of
EACH other time component and other scheduled energy, the cost of
total time is generally assumed to be linear and this coefficient alpha is
called the value of time. The scheduled penalty here captures the
digitality associated to writing at work either early or late. And it
depends only on the arrival time at work. The most common example is
perhaps the so called alpha-beta-gamma preferences, it assumes bitwise
linear schedule penalty function with slopy minus beta, and here plus
gamma. And this time that minimizes the schedule penalty is usually
referred to as Desta is scheduled penalty approach is actually the one
that is the most common in the literature.

Notes

Summary

Departure time choice
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e “Marginal utility” point of view
] 12 ¢
U =f h(t)dt+f w(t)dt
Pt 4t
= - [, hear — fk | wid-hidt

Remark: if h(t) = a, both points of view are equivalent

e

e “Schedule penalty” point of view
U=—a(ty — tq) — SP(tq)
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But I also wanted to show you the marginal utility point of view that
you understand the limitations of the approach based on scheduled
penalties. If we compare the two expressions of the utility, we can see
that one is just a specific case of the other. Indeed, I can replace these
limits by Desta because the utility functions are only defined up to a
constant. So these constant limits do not matter, then I can rewrite this
as follows, -6 integral from the time of departure to the time of arrival of
H of Tdt, which is equivalent to that turn if H is constant - the integral
from desta to TA of W of t - h of t, which is equivalent to datum. So
here, I just give an illustration of this equivalence, so that this way is
constant marginal utility rate is just the equivalent of the scheduled
penalty of the alpha-beta-gamma preferences that is this wise linear.
And this is equivalent to that one, as long as we have H of T that is
equal to a constant alpha.

Notes

Summary

Week 7: Equilibria in Transportation

80f 19



https://mediaspace.epfl.ch/media/0_d53w080g?st=356

7m 24s

- ),
The morning commute problem: supply P

¢ “Fluid approximation”: users can depart continuously over time.
e Bottleneck with “vertical” queues:

e
ome : or

e Upstream and downstream legs “included” in the schedule preferences:
Uty ts") = U(tg — Tups ta + Taown)
e Queue evolution:

4(t) =

r(t) —s, ifq(t)>0orr(t)>s

0, otherwise.

Notes

In short, schedule penalties are nice and intuitive, but they cannot
account for the variation in the marginal utility rates at the origin. Let's
now describe a bit more precisely the supply side. So we make the fluid
approximation, which means that users are considered like a fluid they
can depart continuously over time, and not necessarily with small steps
of one user. It really simplifies the analysis and if we have a very large
number of users, it's actually quite reasonable. Then the setup. So this is
a show that is quite similar to the one I drew before, maybe a bit cleaner.
And here we have two segments, upstream and downstream of the
bottleneck that we will consider that users travel at freefall speed. So
they are this constant travel time, T-up and T-down to reach the
bottleneck and to go from the bottleneck to work. At the consequence,
the flow that leaves from home is the same as the flow that arrives at the
bottleneck, but it's translated by a travel time, T-up and similarly, the
flow that exists at bottleneck is equal to the flow that arrives at work,
but again, translated by the constant term that is T-down.

Summary

Departure time choice 90f19
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- ),
The morning commute problem: supply IPH

¢ “Fluid approximation”: users can depart continuously over time.
e Bottleneck with “vertical” queues:

Ty

S Ton
. |

W ” ty! Ea

e Upstream and downstream legs “included” in the schedule preferences:
U(ta'sta") = U(ta = Tup t + Taown)

A
e Queue evolution: &d C
. r(t)—s, ifq(t)>060rr(t)>s
q(t) = .
0, otherwise.

Notes
Regarding the cues here, we consider that they are vertical, which

means that we keep track of the number of vehicles in the queue, that
we do not matter this space that they take, so it does not reduce the free
flow travel time before the bottleneck. This simplifies the calculations
and in the end, the arrivals at work are exactly the same as if we had
normal always untold queues, and the bottleneck. Besides, to further
simplify the calculations, we usually include this upstream and
downstream legs inside the scheduled preferences. So let's denote TD
and TA the departure time and arrival time, and TD’ and TA’, the time
the user arrived at the bottleneck and leaves the bottleneck. Instead of
considering this and that, as the decision variables WE will consider
these ones and it will be much simpler, because in this way, we can
ignore T-upstream and T-downstream. If we do this, okay, it's not
exactly correct, because users don't really depart at that time TD’. But to
correct for this, we just have to translate the utility function. So if the
initial Utility function is a function of TD and TA, we just have to
translate it like this.

Summary

Week 7: Equilibria in Transportation 10 of 19
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The morning commute problem: supply

¢ “Fluid approximation”: users can depart continuously over time.
e Bottleneck with “vertical” queues:
Tup W S Tdown
2O Teom/
W ! b’ Z
e Upstream and downstream legs “included” in the schedule preferences:
Uta',ta) = Ulta ~ Tup: o + Taown)

e Queue evolution: o 3

q(t) = ;
1, otherwise.

r(t)—s, ifgt)>0orr(t) >s

And we can define a new function that is a function of TD’ and TA’ that
is exactly identical to the initial one. We can now introduce the main
equation, which describes the evolution of the number of vehicle in the
queue denoted Q of T as a function of the inflow and time. So, if there is
a queue at time T, or if the inflow here of the bottleneck of the is louder
than the capacity, then the queue size increases with a rate that is equal
to the difference between the inflow rate and what exists the capacity.
Otherwise, the queue remains equal to 0. This very simple model
provides a description of the arrival rate at work, which is quite
accurate, provided that the departure rate is larger than the capacity, S,
during a long time interval. If that's not the case, if the departure rate is
always smaller than the capacity, S, for instance, this model predicts that
vehicle travel at freefall speed, while in the real world, they might still

slightly slow down each other.

Notes

Summary

Departure time choice
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e Equilibrium definition (reminder):

“no user can be better off by unilaterally changing decision”

Utility function with o — 3 — v preferences

0.8
a=10%h )
B=5 $/h ‘
Y = 20 $/h 4

Waiting time at bottleneck [h]

0 ~ L 1
P —
7 7.5 8

Arrival time at work [h]

>

Let 's now try to solve the departure time choice equilibrium, in a very
simple case with homogenous users will have alpha-beta-gamma
preferences. With the scheduled penalty point of view, the utility
depends on two things, the arrival time at work and the waiting time at
the bottleneck. So in that space, the utility function looks like this, it
decreases when people arrive further from the preferred over time,
which is 8 here. And it also decreases when the waiting time increases.
So now what should the equilibrium look like in this space? If we draw
a random curve like this, then all the users will want to arrive at the
same time, which has the largest utility probably here. But since there is
a waiting time at all the other times, it means that there is a queue and
therefore some users have to arrive at this time and these users would
not be at equilibrium. Therefore, this curve cannot be an equilibrium. So
we should find travel time profile such that first, all your arrival times
had the same utility, so they should be a triangle like this. Second, all
annual arrival times should have utilities that are smaller then the used
ones.

FCOLE FOITICHNIQUE
FEDERALE DE LAUSANNE

Notes

Summary

Week 7: Equilibria in Transportation
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e Equilibrium definition (reminder):

FCOLE FOITICHNIQUE
FEDERALE DE LAUSANNE

“no user can be better off by unilaterally changing decision”

Utility function with o — 3 — - preferences

0.8
a=10%$/h .
B=5 $/h '
Y= 20 $/h 0.4

Waiting time at bottleneck [h]
e
b

7 75
Arrival time at work [h]

e

U= -« T (a) - SP(4)

-15

-20

- i . A
LDJ‘ :_—%- A:L('a\(k

For instance, if the used arrival times of these ones, the basis of this
triangle, it's fine because the other travel time here and there, other
smaller utility. But what we cannot have is a triangle with us arrival
time maybe like this. And maybe like this, because then this unused
travel times have a very high utility here, because they have no waiting
time. And third, all users should have an arrival time given that their
arrival rate at destination is at most S vehicles an hour and users that
experience delays had to queue and the arrival rate should be equal to
the capacity at arrival. So overall, the solution is this. Where this
duration here is exactly equal to N)S, where N is a total demand and S,
is the bottleneck capacity. To find what this looks are, we should simply
differentiate the utility function. As a reminder, the utility function is
given by this function where the travel time is denoted capital, G and
the scheduled penalty by SP. If we differentiate this function with
respect to the arrival time, and we impose that this is equal to 0, we get
that the derivative of travel time with respect to the arrival time should
be equal to beta over alpha, if users are early, so if TA is smaller than
T*, and it should be equal to minus gamma over alpha, if TA is louder
than T* that if users are late.

Notes

Summary

Departure time choice
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e Equilibrium definition (reminder):
“no user can be better off by unilaterally changing decision”

Utility function with o« — 3 —  preferences

U= -« T (4a)- SP(4)
dV_ o

y
T A S e
Lo Hi =) % 1o

= -K B "a.>€'
10 W‘ f_

=
oo

a=10%h
g =5%h
y =20 $/h

e =
- =

Waiting time at bottleneck [h]
e
(3]

-20

0 i s
8

Arrival time at work [h]

Notes
So, this slope is beta over alpha, and this slope is minus gamma over

alpha. From this, we can derive the departure rate from the origin, that
this is something that we do in the exercises.

Summary

Week 7: Equilibria in Transportation 14 of 19
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Equilibrium with homogeneous users -

e Equilibrium definition (reminder):
“no user can be better off by unilaterally changing decision”

Yenl
Equilibrium a — 3 — 7 preferences
- 10 : . 10 - TSPﬁLSP[t)'s ar
‘é‘ N | /// s g :‘—s,z) A
: P * T Lw({’)-s dv
a=10%h = | P E» Al
B =5$%h B // :
Y= 20 $/h :.:':: 4 I- \‘q *********************** AR 7/ 14 _;
Kz T g / @
; \\\\ />/ \\ // j
S 2} //\<\ X 12 £
& o, T — pY =
&) = e 3|
& o \ 75
0 = L —~ \; 0
7 b 7.5 8 tend 85
Arrival time at work [h]
Notes

Let's now look at the cost decomposition as a function of arrival time.
We have the waiting time that we just derived and we have the
scheduled penalty as a function of arrival time. And this is from the
definition. In order to compare them, we need to convert this waiting
time into a waiting cost for this, we multiply it by alpha, which is the
value of time and we get this. The dashed line represents the total cost,
which is the sum of the scheduled penalty and the waiting cost. We can
already see that there is some symmetry between the two. But let's
compare the total scheduled penalty and the total travel time. So that but
all scheduled penalty is simply equal to the integral of all users of the
schedule penalty. And we can convert this with an integral and time
from TO to T- end where this is TO and this is T-end of the scheduled
penalty that is experienced times how many users experiences that is S.
So this is equal to S, time the integral of SP, which is the area, A and the
red curve from TO to T-end. Similarly, the total travel time is equal to
this integral from TO to T-end of the waiting time of users arriving at T,
times how many users arrive at TSdT, which is equal to S times an area
A’, which is area below the triangle.

Summary

Departure time choice 150f 19
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Equilibrium with homogeneous users e

e Equilibrium definition (reminder):
“no user can be better off by unilaterally changing decision”

" Equlilibrium a—F-vy preferelnces 0 T5 p’; j ‘;g)lt.) 8t
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Arrival time at work [h]

eQe—
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Notes

We can already see that both are equal. So A’ is equal to A. Let's now
determine the average cost that every user experiences that is C. So C is
equal for instance, to the scheduled penalty experienced by the user
arriving at time 0. And it's also equal to the scheduled penalty for users
arriving at T-end. So the scheduled penalty of user arriving at TO is
simply beta TE, where TE is this time, the maximum earliness and the
scalar quantity of a user arriving at T-end is simply gamma N over S-
TE, because as a reminder, this is N over S. So, what we get is that TE is
equal to gamma divided by beta plus gamma times N over S. So, if we
use this expression inside the expression of C, we get that see is simply
beta gamma, divided by beta plus gamma, N over S. What is important
to remember is that in the simple case, the average congestion cost
increases linearly with the demand. And that it is made of 50% of delays
total over time and a 50% of scheduled penalties.

Summary

17m 07s
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Schedule penalty [monetary units|
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7 s 75 S

Arrival time at work [h]

Let's not see what is a social optimum? First, you should have no
queuing, it other locations of arrival times that our physical rescuing are
also feasible without killing, people just have to arrive at the bottleneck
at the good time. And since killing is a pure loss, it should be avoided.
This, the social optimum should just minimize the total scheduled
penalty. Since users have to pass the bottleneck at some point. The best
here is to make all users but exactly like at the user equilibrium. So we
have to find an interval that is like this, where the scheduled penalty and
the two extremes are the same and that has a duration, N over S. Then
the next question is how we can make users behave like this. One
answer is to implement a toll, which plays exactly the same role as

18m 55s

waiting time in the user equilibrium without pricing.

e

Notes

Summary

Departure time choice
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i Social optimum with e« — 3 — 7 preferences
T T

10

% 6
a=10%h :
B=5%h : .
y=20%h =

S |//

Schedule penalty [monetary units]

7 7.5 8
Arrival time at work [h]

So you can notice that the toll that we have drawn as exactly the same
shape as waiting time, the total cost is the same, at least default with
distributing the money. So the advantage compared to the case with a
waiting time is that this money is collected, it's not lost and it can be
redistributed. This is called decentralizing the social optimum, because a
central operator using this pricing strategy can then let agents decide by
themselves and the equilibrium is the optimum.

Notes

Summary

Week 7: Equilibria in Transportation
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It usually takes some time to really understand the money problem. So I
suggest that you first try to solve the exercises following this video. And
once you have a good understanding, you can watch the next one which

deals with heterogenous users.

Notes

Summary

20m 26s
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