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9.2 Rotating frame revisited
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Wz 9-2. Rotating frame revisited

Equation of motion for M (always valid in dM
any reference frame) in presence of B, |

__| magnetization
= —yAB? x M| precesses in xy plane

Rotating frame: reference frame
rotating about z at frequency wge

Case |: non-rotating reference frame (wge=0)

= magnetization precesses in xy plane with
frequency yBy/2nt

with frequency yAB®™/2n

So now I want to review the rotating frame description of the
magnetization because this is really important that we have a good grasp
of this description. So, the equation of motion for the magnetization has
to be valid in any reference frame in the presence of a magnetic field is
given by the Larmor equation which states that the magnetization
precesses around delta B effective with the frequency gamma delta B
effective. If the B effective is along z, then this means that the
magnetization will precess in the xy plane with a frequency that's given
by gamma delta B effective over 2 pi. Now, let's re-look at the rotating
reference frame. So we have a reference frame that rotates around z,
about z, with a frame frequency omega RF. Let's take the first case: The
rotating reference frame does not rotate. That's the lab frame; that's
what-- our reference frame. So, omega RF is zero. In this case, the
magnetization precesses in the xy plane with a frequency gamma B 0
over 2 pi. So, if you take the reference frame here, we have the B-zero
here; we have our magnetization here.

Summary

9. Excitation of spins, Relaxation, the Basis of MR contrast (The Bloch Equations) 20f8
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L 9-2. Rotating frame revisited

M __| magnetization
= —yAB?Y x M| precesses in xy plane
with frequency yAB&™/2x

Equation of motion for M (always valid in
any reference frame) in presence of B, |

Rotating frame: reference frame
rotating about z at frequency wge

Case I: non-rotating reference frame (wge=0) ‘

= magnetization precesses in xy plane with

- frequency yBy/2n

Case llI: rotating frame with wgr = o,

=>magnetization is stationary
(“precesses” in xy with zero frequency)

Equation of motion is stilkvalid, i.e.
precession frequency yABef/2x

9-7

Lt

Notes
We're just putting the magnetization at a certain angle, so we're just

looking at the component that's transverse. That's effect -- this
component here, the component that's perpendicular to B-zero does not
precess. So this magnetization here, the transverse magnetization will
precess with a angular velocity omega-I. So it will -- this angle will
increase with omega-I-t, it goes around B-zero, encircles the transverse
component. So if we take the transverse component, then the transverse
component will simply do this motion. That's the Larmor equation in the
non-rotating reference frame. Now we'll take the second case, and that is
the rotating reference frame. And now we'll place ourselves into the
rotating reference frame that rotates exactly with the Larmor frequency.
In this rotating frame, as we are rotating exactly with the magnetization,
this magnetization is, by definition, stationary. It does not move, or in
other words, it precesses in xy with zero frequency. Now, the equation of
motion that we have up here still has to be valid in this reference frame.
So, the precession frequency is equal to gamma-delta-B effective over
2-pi, or in this case, the delta-B-effective will be zero.

Summary

9.1-9.2 Relaxation of magnetization: Signal detection & Rotating frame
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9-2. Rotating frame revisited
Equation of motion for M (always valid in dM _ W ABY M magnetlzatlgn |
any reference frame) in presence of B, | 5 =¥ X pracasaes N XNy prans
with frequency yAB®™/2x
Rotating frame: reference frame .
; M
rotating about z at frequency wge :
Case |: non-rotating reference frame (wge=0) ‘
= magnetization precesses in xy plane with ¥
. frequency yBy/2x Nt
% M,sin®
wrel Y
Case llI: rotating frame with wgg = ©,
L X Larmor frequency Q in the rotating frame:
=magnetization is stationary y
(“precesses” in xy with zero frequency) Q =vyABe
Equation of motion is still valid, i.e. ABeT =B, - wgely
precession frequency yABef/2x
= ABef =0 —
9-7

And our magnetization will do this motion, namely, none, because we
are in the reference frame where it doesn't move. Now, the Larmor
frequency in [inaudible], in the rotating reference frame is given by
gamma-delta-B-effective, and this gamma-delta-B -- this delta-B-
effective is given by B-zero minus omega-R-F over gamma. So what
this means is we are to get from here to the lab frame, to the rotating
reference frame that rotates with a Larmor frequency, what we have had
to do to still have the equation work, we have to subtract a fictitious
magnetic field which in this case equals to omega-L over gamma and
omega-L is gamma-B-zero, so the delta-B-effective was B-zero minus B-
zero equals zero. But this holds true for any omega-R-F for any angular
velocity of a rotating reference frame, and we can calculate a delta-B-
effective.

Notes

Summary

9. Excitation of spins, Relaxation, the Basis of MR contrast (The Bloch Equations) 40f8
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bt Supplement: Rotating frame

What are the quantum-mechanical equivalencies ?

€L

""s"é'ﬁ'r'éé'aiHé'é??é;?éééé&éii&h’i ;
ih ZIU’?(I)> = HS|¢S(t)>
WS (t)) = e—:’HSI/h
(’l/’s (t)’I_-lz/’s (t»

If Hg=const in t:

Now here, I want to make a short digression into quantum mechanics.
Not what we strictly need quantum mechanics for understanding most
of the MRI principles. We can actually work very much with a classical
principle. But we want to remind ourselves that magnetic resonance is a
quantum mechanical manifestation. It is a property, comes out of
quantum mechanics. Quantum mechanics is the proper way of
describing things, and what I want to do here is build a bridge between
our description, classical description, and the quantum mechanical
theory that's behind this. So let's look at the Schrédinger representation.
We have the derivative of the cat is equals to the Hamiltonians times the
cat, and if the Hamiltonian is constant in time, then we can write the
solution very simply. The expectation value of a operator I-z is given by
this term here in the Schrédinger representation. So this is all standard
theory from quantum mechanics. Now, we have some equivalencies
here, and that is the magnetization along z is the expectation value of the
operator I-z, magnetization along x, that of i-x, and the magnetization
along y, the expectation value of I-y. So in other words, our macroscopic
quantities that we observe the magnetization are the expectation values
of the quantum mechanical operators associated.

3m 58s

Notes

Summary

9.1-9.2 Relaxation of magnetization: Signal detection & Rotating frame
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LBt Supplement: Rotating frame
What are the quantum-mechanical equivalencies ?
Schrodlngerrepresentatlon Quantum mechanical equivalencies:
in dilws(r» = Hlys(t)) i Mgx<l>, M, x <I,>, M, o <I,>
/t
~iHgt/h For one spin-1/2 ('H), i.e. two energy levels
If Hs=const in t: ‘Ws (f)> - g £ - )
0 1 0 i = 0
NB <1:>E<l/’s(t)’1_-|¢s(t)> ]" =(1 0) 1.“ =(_]' 0] 1: = (2) —l
N o= S SN NS SN W Wi ey e BRI - 2
How to determine <l (t)> etc ? L 0 ‘
St H into time-nvariant and -dependent terms: . #5(0) ="+ 0 1)
|nteract|onrepresentanon
(Higher order perturbation theory)
|1/// (f)> = eif-{;rJ,/fr 1/}5(t)>
Ld
ih Eiw.r(t» o Vr(”]@”r(t»
i ¥, (t) _ e'HSU/hVS (t)e—mx“m

So, this is very nice. So, for a spin one-half that's a hydrogen nucleus at
the proton, we have two energy levels, so we have -- this is the operator
for I-z, I-x, and I-y. These are the Pauli spin matrices that describe the
system. Now, how do we determine the time dependence of I-x, that is
of the m-x magnetization? And the way this is done here is we split the
Hamiltonian into time-invariant and time-dependent terms. So we can
write our Schrodinger equation here. We'll split the Hamiltonian, this
term here, into time-invariant term here and a time-dependent term. And
then we impose that the time-invariant term is much bigger. Its
eigenvalues are much bigger than those of the time-dependent term and
we'll use here now the interaction representation, which comes from
higher order perturbation theory. And if we do that, the transformation
that is being done that comes out of this theory is that we have now the
cat in the interaction representation and we will now enter this condition
the representation equation of motion for the wave function becomes
this term here. And we have now the V of ¢ is transferred to the V in the
interaction representation.

Notes

(L

CHNIQUE
AUSANNE

Summary

9. Excitation of spins, Relaxation, the Basis of MR contrast (The Bloch Equations)
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Supplement: Rotating frame
What are the quantum mechanlcal equivalencies ?

Schrodlnger representatuon

II/’ ( )> = HS|¢S(t)>
1/}5 (t)> = e—iHSr/h

If Hg=const in t:

Quantum mechanical equivalencies:

Mzoc<|z>, Mxoc <|x>, Myoc <|y>

For one spin-1/2 ('H), i.e. two energy levels

0

7m 03s

NB.

(L) = (0]l 0) fr=(? o)

e <Ix(t)> e

= Split Hs into time-invariant and dependent terms: i

Interactlon representatlon
(Higher order perturbation theory)

IWJ(t»: 7/}3( )>
il ) =

For spin:

iH t/h

v, (), (o)

ems“ Ih Vs ( ‘ )e—if/;’ /h

2
0

N | =

Lo =t + v Jrs )

dt|

H' =hyB,I.

V(t) = hyB, (cos(a)RFt)IA\_ + sin(a)RFt)f_]-)

H \ What is V(1) [wrr=yBq]?

Vi) =hyB\I,

9-8

This is the transformation given here. Now for spin, for a nuclear spin,
this is all general theory, now, for a nuclear spin, the static Hamiltonian
is the one associated to the magnetic field. That's the one that generates
the two energy levels. Hence, we have I-z here as the operator, and we
can take the time-variant Hamiltonian given by this term here. Now
what is this -- How does this transform if you do this transformation
here if we use an omega-R-F here in this term here that is equal to
gamma-B-zero? And actually, if we do this transformation we'll find that
in the interaction representation, this time-variant term here, which we
have in this term here, becomes time-independent. So, the beauty here is
that we have used classically the description in the rotating reference
frame to make things stationary. If we do this in the interaction
representation, and we make our Hamiltonian in this representation
stationary, we're essentially doing the same thing but in quantum
mechanics, and we obtain our stationary Hamiltonian, this is equivalent

.(I’ﬂ.

Notes

to putting ourselves into the rotating reference frame.

Summary

9.1-9.2 Relaxation of magnetization: Signal detection & Rotating frame
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izt Supplement: Rotating frame I
What are the quantum mechanlcal equivalencies ?
Schrodlnger representahon Quantum mechanical equivalencies:
st( )> = HS|¢S(t)> MZO(<IZ>’ MXO( <|x>’ Myoc <Iy>
~iHt/h For one spin-1/2 ('H), i.e. two energy levels
If Hs=const in t: ‘Ws (t)> -g e 1
0 1 0 i = &
= = = 2
B, (1) = s lely:0) zr-(l 0) =) 12
s AR S R =3
e determme T (t)> e e O
= Split Hs into time-invariant and dependent terms: ih Ews(t» - [HS = V(t)]z'”S(t»
Interactlon representatlon For spin: HSO = hyB,I.
(Higher order perturbation theory) ( ( ) : ( ) )
iH 1/ i V(t) =hyB \cos\w,-t)]. +sinlw,.t)I
ll//l(f)>= Hs ”‘1/}5( )> ( ) y 1 RF ¥ RF ¥
p ; What is V(1) [wge=yBol?  V,(t) = hyB,1,
ih EW/(I)) =V (f)(wf(f» :: Quantum mechanical equivalencies:
- o | |Bgxl, B |
4 (r)= s ”'VS(t)e_'”s /h 0% 1z Bixy * Ixy
9-8
Notes
So we have an additional quantum mechanical equivalent that is the B-
zero is along I-z is proportional to the operator I-z at the B-one, and x or
y is given by the operator I-x-I-y. That's what this term here is. This is
the description of the R-F field. So, this is a short digression into
quantum mechanics to remind ourselves that what is behind magnetic
resonance is truly a quantum mechanical event.
Summary
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