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From the MA to a first-order recursion

M-1 1
ymln] = m 1[“—1]+'Mi>'-'[”]

ymln] = Aym—1ln— 1)+ (1 = A)x[a], A= T_

Now, there's nothing new what we saw so far. We just rearranged terms in finite sums. notes
But here comes the trick that defines the Leakey integrator filter. When m is very large,
we assume that the average over m-1 or over m points is going to be pretty much the

same.

summary
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The Leaky Integrator

» when M is large, ym—1[n] = ym[n] (and A = 1)

Not much is going to change if we add a single data point to a very long average. And notes
also, when m is very large, lambda, which was defined as m-1 over m, is going to be
very close to 1.

summary
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The Leaky Integrator

Iy

» when M is large, ym—1[n] = ym(n] (and A = 1)

So, we can rewrite the previous equation as current estimate for the moving average is notes
equal to lambda times the previous estimate for a moving average,

summary

[Eles
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The Leaky Integrator

» when M is large, ym—1[n] = ym[n] (and A = 1)

» try the filter
yln] = Ay[n — 1] + (1 — A)x[n]

[T -..._*

plus 1 minus lambda times the current input. notes

summary
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The Leaky Integrator

» when M is large, ym—1[n] = ym(n] (and A = 1)

> try the filter
yln] = Ay[n — 1] + (1 — A)x[n]
-

w\\_/

» filter is now recursive, since it uses its previous output value

And this defines a filter that we can use to process our signal. Now, the filter is recursive notes
because we're using output values, previous output values, to compute the current value
of the output. So, there's a feedback path that goes from the output back into the filter.

summary
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The Leaky Integrator

» when M is large, ym—1[n] = ym(n] (and A = 1)

> try the filter
yln] = Ay[n — 1] + (1 — A)x[n]
-

w\\_/

» filter is now recursive, since it uses its previous output value

Before we even try to analyze this, let's see if it works. notes

summary
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Denoising recursively with the Leaky Integrator

Yory= Ayb-)  (-0a™

0 100 200 300 400 500

So, we take our smooth signal corrupted by noise and we filter it with a Leakey integrator notes
for varying values of lambda. So, if we start with lambda rather small, we don't really see
much happening. But as we increase the value of lambda towards 1, which is really the
operating assumption for the derivation of the filter anyway, we see that we start to
smooth the signal as we expected. And when lambda is very close to 1, the smoothing
power is comparable to that of a moving average filter with a very high number of taps.
But now the difference is that each output value only requires three operations, because
remember, the value is simply one multiplication and then there's going to be another
multiplication and one sum.

summary
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What about the impulse response?

yln] = Ay[n — 1] + (1 — A)é[n]

» y[n)]=0forall n<0

And this is independent of the value of lambda, so high smoothing power at a fixed notes
price. Of course, the natural question when we have a filter is what the impulse
response is going to be.

summary
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What about the impulse response?

¢

yln] = byln — 1] + (1 — A)a[n]

» y[n)]=0forall n<0

And to compute the impulse response of the Leakey integrator, all we need to do is to notes
plug the delta function into the recursive equation and see what happens. So, when n is
less than 0, since the delta function is 0 from minus infinity to 0, nothing non-zero has
ever happened inside this equation. And so it's very safe to assume that the output will
be 0 for all values of n less than 0.

summary

oo
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What about the impulse response?

¢

yln) = byln — 1] + (1 — A)a[n]

» y[n]=0forall n<0

Things start to happen when n reaches 0, at which point the delta function kicks and notes
assumes the value of 1.

summary
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What about the impulse response?

yln] = Ay[n — 1] + (1 — A)é[n]

» y[n)]=0forall n<0
> y[0] = Ay[=1] + (1 = A)S[0] = (1 - A)
> y{l = Ay[0] + (1 - A)o[1] = A(1 - A)

So if we compute the value of the output for n equal to 0, we have lambda times the notes
previous value of the output, which we know to be 0, so this is 0, plus 1 minus lambda
times the value of delta and 0, which is 1. And so the output will be 1 minus lambda. At
the next step, y of 1 is equal to lambda times the previous value of the output, which now
is not non-zero, is 1 minus lambda, as we computed before,

summary
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What about the impulse response?

yln] = Ay[n — 1] + (1 — A)é[n]

¥

y[n] =0 for all n < 0

y[0] = Ay[-1] + (1 = A)8[0] = (1 - A)
y[1] = Ay[0] + (1 = A)S[1] = A(1 - A)

y[2] = Ay[1] + (1 = A)é[2] = A*(1 - )

T

¥

L J

plus 1 minus lambda times delta of 1, which we know to be 0, and so this is cancelled. notes
And the final output is lambda times 1 minus lambda. At the next step, once again the
recursive equation kicks in, and we have lambda times the previous value,

summary
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What about the impulse response?

yln] = Ay[n — 1] + (1 — A)é[n]

¥

y[n] =0 for all n <0

y[0] = Ay[-1] + (1 = A)8[0] = (1 - A)
y[1] = Ay[0] + (1 = A)S[1] = A(1 - A)

y[2] = Ay[1] + (1 = A)é[2] = A*(1 - A)
y[3] = Ay[2] + (1 = A)é[3] = A*(1 - A)

T

¥

L J

L

-
which we know to be lambda times 1 minus lambda, plus 1 minus lambda delta of 2, but notes

again delta from now on is going to be 0, so this term we don't even have to look at. And
so here we have lambda squared times 1 minus lambda. The next step is going to be
the same, and you have pretty much understood what's going on here. If we plot the
impulse response, we have an exponentially decaying function,

summary

' i:.-.--i::-_::'.'.;"'

page 14/21 - 2.1.2.b The leaky integrator



https://mediaspace.epfl.ch/media/0_hv5cuun1?st=193

Impulse response

hln] = (1 — A)A" u[n]

o ‘[IIIITTTTTTTTTTT??11¢¢?

0 15 30 )

where the exponential basis is lambda, and the whole curve is weighted by 1 minus notes
lambda,

summary
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Leaky Integrator: why the name

Discrete-time integrator is a boundless accumulator:

n

ylnl = > x|k

k=—ox

We can rewrite the integrator as

ylnl = y[n — 1] + x[n]

and it's of course multiplied by a unistep, because everything is 0 for n less than 0. You notes
might wonder why we call this filter a leaky integrator. The reason is because if you
consider for instance this very simple sum, it's the sum of all input samples from minus
infinity to current time. This is really the discrete time approximation to an integral,
because you're really accumulating all past values up to now. And we can rewrite this
summation here as such. So at each step we get what we have accumulated up to the
previous step, and we sum the current input.

summary

[l
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Leaky Integrator: why the name

To prevent “explosion” pick A <1

yln] = Ayln — 1] + (1 — A)x[n]

keep only a fraction A of
the accumulated value
so far and forget
(“leak”) a fraction 1 — A

So you see it's very close to the equation for the leaky integrator, except in the leaky notes
integrator what we do is the following. We scale the previous accumulated value by

lambda, which means we...

add only a fraction 1 — A
of the current value to
the accumulator

summary
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Leaky Integrator: why the name

To prevent “explosion” pick A <1

ylnl = Ay[n — 1] + (1 — A)x[n]
| W—

keep only a fraction A of
the accumulated value
so far and forget
(“leak”) a fraction 1 — A

Remember lambda is close to 1, so that means we keep pretty much all of what we have notes
accumulated before,

add only a fraction 1 — A
of the current value to
the accumulator

summary
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Leaky Integrator: why the name

To prevent “explosion” pick A <1

ylnl = Ay[n — 1] + (1 — A)x[n]
| W—

keep only a fraction A of
the accumulated value
so far and forget
(“leak™) a fraction 1 — A

but we forget a little bit. We leak a part of it. If lambda is equal to 0.9, then it means that notes
10% of what we have accumulated is lost. And we replace what we've lost by a fraction
of the input, and this fraction is 1 minus lambda.

add only a fraction 1 — A
of the current value to
the accumulator

summary
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Leaky Integrator: why the name

To prevent “explosion” pick A <1

ylnl = Ay[n — 1] + (1 — A)x[n]
| W—

[
add only a fraction 1 — A
of the current value to
the accumulator

keep only a fraction A of
the accumulated value
so far and forget
(“leak”) a fraction 1 — A

notes

So what we've lost from the accumulator we replace with an equal percentage of the
input.

summary
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Leaky Integrator: why the name

To prevent “explosion” pick A <1

ylnl = Ay[n — 1] + (1 — A)x[n]
| W—

keep only a fraction A of
the accumulated value
so far and forget
(“leak”) a fraction 1 — A

The idea is that by picking lambda less than 1, we are forgetting, we're leaking the past, notes
and the accumulation will never blow up.

add only a fraction 1 — A
of the current value to
the accumulator

summary
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