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Understanding the Gibbs phenomenon

h[n] = h[n] w[n]

o= {2 115

0 otherwise

In order to understand intuitively what happens when we approximate a filter by notes

summary
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Understanding the Gibbs phenomenon

ﬂ = h[n] w[n]

o= {1 1<

0 otherwise

truncation, we have to take a little bit of detour and look at the problem from a different notes
perspective. So we could consider the approximated filter h of n as the product of the
original impulse response
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Understanding the Gibbs phenomenon

w[n]:{l in < N ﬂTHHH

0 otherwise

times a sequence w of n, which is just the indicator function for the interval minus n to notes
plus n. So w of n is just a series of points of value 1 centered in 0 and going from minus
nto n.

summary
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Understanding the Gibbs phenomenon

0 otherwise

W[n]:{l In| <N ﬂr

So with this notation the question now is how can we express the Fourier transform of
the filter

notes
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Understanding the Gibbs phenomenon

h[n] = h[n] w[n]

o= {1 1<

0 otherwise

A(e®) =7

as the product of two sequences? And for that we have to study the modulation notes
theorem. The modulation theorem is really the dual of the convolution theorem.
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The modulation theorem

DTFT {(x = y)[n]} = X (&) Y (&)

=l

You remember the convolution theorem states that the Fourier transform of the notes
convolution of two sequences is the product in the frequency domain of their Fourier
transforms. The modulation theorem

summary
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The modulation theorem

DTFT {(x = y)[n]} = X (&™) Y (&)

DTFT {x[n] y[n]} = (X * Y)(e")
—_—

gives us a result for the Fourier transform of the product of two sequences and tells us notes
that their Fourier transform is the convolution of the Fourier transforms in the frequency
domain. So what is a convolution in the frequency domain? Well in C infinity, i.e. in the
space of infinite
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Convolution of DTFTs

in ==

(x = y)[n] =_{X'[k].~f[n — k)

= > x[klyln— ]

k=—oo

support sequences, we can define the convolution in terms of the inner product between notes
two sequences. So the convolution between x and y is the inner product between x
conjugated with y time reversed
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.| =
Convolution of DTFTs

in o<
(x * y)[n] = (x*[k], y[n — K])
= 3 xlklyln— A

and delayed by n. And so if you apply the definition of the inner product in C infinity, notes
that's exactly what you get. We can adopt the same strategy in L2 of minus pi pi, which
is the space
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Convolution of DTFTs

in C=°:
(x % y)[n] = (x"[k], y[n — k])
= Y xlklyln— A
k=—oo
in La([—,]):

(ebei(emSHAT (e 2 Vilet )
T2 L [T x(e")v(e“-))do

2 J_ .

where DTFTs live, and define the convolution between two Fourier transforms as the notes
inner product between the first Fourier transform conjugated and the second Fourier
transform frequency reversed
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Convolution of DTFTs

in C°°:
(x = y)n] = (x*[k],y[n — K])
= 3 iyl 4
k=—co
in La([—,]):

(X % Y)(e™) = (X*(e), Y (&™)

— T ] _
L [ x(e7) ¥ (@) do

2w )
N P
and delayed by omega. And if we apply the definition of the inner product for L2 of minus notes

pi pi, we get that the convolution between two Fourier transforms is one over two pi
times the integral from minus pi to pi of big X of e to the j sigma times big Y of e to the j
omega minus sigma in
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Modulation theorem: proof

m

IDTFT {(X * Y)(e')} = %f (X * Y)(“)e/“ " duw

this sigma. With this notation in place, we can prove that the DTFT of the product of two notes
sequences is the convolution of their Fourier transforms by working backwards. So we
start with the inverse

summary

T30
E : ]'Il:l?-l _

page 13/36 - 2.2.1.b The window method



https://mediaspace.epfl.ch/media/0_7yp3qjmt?st=145

Modulation theorem: proof

m

IDTFT {(X = Y)(e")} = zif (X * Y)(e“)e/“ " duw
L_._.__, m

K

DTFT of the convolution of two Fourier transforms. We can write it out explicitly like so. notes
And if we
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Modulation theorem: proof

IDTFT {(X * Y)(e')} = % fﬂ (X * Y)(e“)e/“" duw
- EE’-'IT]Z./.. fTX{e-‘-“}Y{ej':”_"]’]e"“'”dcrdw \

- —EEIF f | f X(e7)Y (&) elonei =g ey
) m w

expand the definition of the convolution inside the integral that defines the inverse DTFT, notes
we have the following expression where here you have the convolution and outside here
you have the inverse DTFT. Now we use the same trick that we used when we proved
the convolution theorem, namely we replace omega with omega minus sigma plus
sigma in the exponential here. And we manage to split the

summary

page 15/36 - 2.2.1.b The window method


https://mediaspace.epfl.ch/media/0_7yp3qjmt?st=160

Modulation theorem: proof

IDTFT {(X = Y)(!)} = 1 fﬂ (X * Y)(“)e/“ " duw

2r | &

1 s T . . .
- EE?T]Z./.nf.:X{EN}Y{EJEW "]':]e-’ msw—ﬂ'ti}—

- —EEIF f | f X(e7)Y (=) elonei=) g dy,
m m w

complex exponential in a way that will allow us to separate the contribution due to X and notes
toY.
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Modulation theorem: proof

IDTFT {(X = Y)(/)} = % fﬂ (X * Y)(e“)e/“ " duw

= [2;2 f fTX{e-’-”}Y{eH”_"}]e"””dcrdw

_L [ jer f(w—e)y Jjon ilw—a)n

_ EETFLLX(EJ )Y (1427 eile—0)n g
= 5 [ X(e)eiondo
= x[n] y[n]

And indeed when we do so, we have a first part here which is just the inverse DTFT of notes
big X. And here we have the inverse DTFT of big Y. The fact that the argument to the
complex exponential

1

m

i Y (e/@—9))ellw—a)n gy,

-

summary

page 17/36 - 2.2.1.b The window method


https://mediaspace.epfl.ch/media/0_7yp3qjmt?st=194

Modulation theorem: proof

IDTFT {(X = Y)(e")} = % fﬂ (X * Y)(“)e/“ " duw
= Ezi}?f f.vX{H”}Y{eﬁ”_"}]e"””dcrdw
= oo [ [ Xy,

f X{e"ﬂ}emndg_ " y(e_fl[.-. F}}e;{m LI

-7

= x{n]y[n] ——

L

has a minus sigma term doesn't really bother us because the integral is between minus notes
pi and pi. And of course the DTFT is 2 pi periodic, so an offset does not change the
result of the integral. And so finally we have indeed what we were looking for, the
product of the two time domain sequences.
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Modulation theorem: proof

m

IDTFT {(X * Y)(e')} = % f (X * Y)(“)e/“ " duw

= EE:F]Z f fTX{EJ“'}Y{EHW_"}]E"””dadw

— L = IF jer j(w—a)y jon _jlw—a)n
_ Ezﬂzfnfﬁxw )Y (1“2 )eioneile=0)n ggr
- lf X{ej"]e-"“"dgi ) V(ej(a-—a}]ej{w—u]ndw
21 J_« 2n J_» F
L—-—-—-—-—._._._____M_
= x[n] y[n] -
SR
As an interesting aside, let's look back at the sinusoidal modulation result with the help notes
of the
summary
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Aside: sinusoidal modulation revisited

DTFT {x[n] coswen} = X(&™) * ;[S(M — we) + d(w + we)]

_ %f X(/)5(0 — w + we)do + % " X(°)5(0 — w — we)do

m -

modulation theorem we just studied. So the DTFT of a sequence X of n multiplied by notes
cosine of omega cn turns out to be the convolution of the DTFT of X with the DTFT of
the cosine of omega cn,
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Aside: sinusoidal modulation revisited

R R e P
= % f_i X{EJE:IS{U —w+w,_-]d?+ % [Tr x[E"IE]g{U — —U.-',::]d'fj

m -

which is one half delta of omega minus omega c plus delta of omega plus omega c. This notes
delta here

summary

page 21/36 - 2.2.1.b The window method


https://mediaspace.epfl.ch/media/0_7yp3qjmt?st=249

Aside: sinusoidal modulation revisited

DTFT {x[n] cosw.n} = X(&'“) *M

m

. X(e°)o(0 — w — we)do

1 - & 1
= E/_EX{EJ ]5{U—w+wc}dﬂ+a

is the delta defined over the real line, so it's that functional that isolates the value of a notes
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Aside: sinusoidal modulation revisited

Tle) Ll
4

DTFT {x[n] cosw.n} = X(e'“) *M

— 1[ X{eiﬂjéca—wwc}dﬁﬁ " X(e*)lo — w—w.)ds

_a .

h

function when it is used under the integral sign. So because of the distributive property notes
of the convolution we can split the above convolution product into two terms, which we
write out
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Aside: sinusoidal modulation revisited

Tle) Ll
4

DTFT {x[n] cosw.n} = X(&'“) *M

1 [ o 1ot
= E/_,x{ej ]5l[c:—w+w,_-]dcr+a X(e”)o(or — w—we)do

e G R

explicitly here as convolution integrals. And we have for instance in the first case the notes
integral of the product between the DTFT of X and delta of sigma minus omega plus
omega c in the sigma.
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Aside: sinusoidal modulation revisited

Tle) Ll
4

DTFT {x[n] cosw.n} = X(e'*) *M

_ %f X(e/)5(0 — w + we)do + % " X(9)3(0 — w — we)do
M Il N SR

Similar here we have the complementary term on the negative axis, the integral of the notes
product
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Aside: sinusoidal modulation revisited

Tle) Ll
4

DTFT {x[n] cosw.n} = X(&'*) *M

m

_ %fﬂ X(e/)5(0 — w + we)do + %f X(7)3(0 — w — we)do
Sk S e e ——

between the Fourier transform of X and delta of sigma minus omega minus omega c. notes
Because of the sifting property of the delta, these integrals will isolate the value for the
Fourier transform
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Aside: sinusoidal modulation revisited

Sle) +el
s

DTFT {x[n] cosw.n} = X(&'“) *M

_ %f X(e/)5(0 — w + we)do + % " X(°)5 (0 — w — we)do

for the value of sigma where the argument to the delta is equal to zero. So in the first notes
case
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Aside: sinusoidal modulation revisited

DTFT {x[n] coswen} = X(e™) * ;[S(M — we) + d(w + we)]

1 [ o 1 [~
= E/_EX{E" ]5{U—w+wc}'ﬂlﬂ+a _,,

- % [X(&fe49) + X(f+9)]

L

—

X(e°)o(o — w — we)do

we will have that the delta will kick in for sigma equal to omega minus omega c, and in
the second term it will kick in for sigma equal to omega plus omega c. And so in the end
the final result is the well-known modulated signal, one half the Fourier transform of the
signal centered in omega c plus

notes
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Aside: sinusoidal modulation revisited

DTFT {x[n] coswen} = X(&) * ;[S(M — we) + d(w + we)]

- 1[ X{eﬁ”jéca—wwc}dﬁﬁ " X(e*)(o - w—we)do

_a .

= 5 [X(ee) + x(eerea)]

g e |

one half the Fourier transform of the signal centered in minus omega c. So this is notes
another way to arrive at the sinusoidal modulation result. But now we should go back to
the reason why we

summary
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Understanding the Gibbs phenomenon
H h[n] = h[n] w(n
(hle] = hirlwin] |
1 = -
=
~ 0 —'.—-"—"""‘—"=~—£ B W L——-— ; b
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1 »
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20 =10 0 10 20
started this detour into the modulation theorem and try to understand what the Gibbs notes

phenomenon is all about. So remember in the beginning of our detour we were at a point
where we had expressed the approximate filter hat h of n as the product between the
ideal impulse response h of n times an indicator function that serves the purpose of
isolating the points of the ideal impulse response that we want to keep. So if this is the
ideal impulse response h of n and this is w of n you can see that this window basically
kills all these guys here and kills all these guys here and leaves us with an FIR
approximation to the impulse response. In the frequency domain this

summary
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Understanding the Gibbs phenomenon
A(e*) = (H = W)(e™), W(e*) = sin(w(2N + 1)/2)/ sin(w/2)
1
3
3
I
0
20 .
W 10}
= 0
- -2 0 wf2 T
corresponds to the convolution of the Fourier transforms of the two actors. The Fourier notes

transform of the ideal impulse response is the rect function that we know very well. The
Fourier transform of the indicator function we have seen many times before and it is
actually the Fourier transform of a zero-centered moving average filter. So its formula is
here and it's sine of omega 2 n plus 1 over 2 divided by sine of omega over 2. So here
we're going to try and compute the convolution
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Mainlobe and sidelobes

20 | | .
15 | .
E 5 I|I |

between the Fourier transforms in a graphical way. Here are the actors involved in the notes
play. We have h of e to the j omega which is the Fourier transform of the ideal filter. We
have w of e to the j omega which is the Fourier transform of the indicator function. And
here we have the result which is the integral of the product of these two guys. As omega
moves along the axis here we will re-center the Fourier transform of the indicator
function, take the product of the two and compute the integral. In the beginning we're
just integrating the wiggles of the function over the non-zero part of the ideal impulse
response. So what we have is an oscillatory behavior of small amplitude. Things start to
become interesting when the main part of the Fourier transform of the indicator function
starts to overlap with the support of the rect or the ideal filter. As we approach the
transition band of the filter we see that the value of the convolution starts to grow. And
as a matter of fact it grows even more with the entire main lobe of the Fourier transform
of the window is under the rect function. As we move along the ripples that trail the main
lobe start to get integrated and so the behavior in the passband is again oscillatory as
these little ripples enter and exit the the main integration interval. As we reach the other
transition band we have exactly the symmetric behavior at the other edge of the band.
The shape of the Fourier transform of the approximate filter will depend then on the
shape of the Fourier transform of the
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Mainlobe and sidelobes

20 | ]
15 | .
E 5 I|I |

indicator function. So if we look at it here we see that we have what is called a main lobe notes
here in blue that will determine how steeply the approximate filter will transition from the
stop band to the passband. The width of the main lobe is what determines the steepness
whereas the amplitude of the so-called side lobes will determine the amplitude of the
error on either side of the transition band and this is what determines the Gibbs
phenomenon. So in terms of

summary
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What if we change the window?

We want:
» narrow mainlobe so that transition is sharp

» small sidelobe so Gibbs error is small

in terms of our requirements what we would like to have is a very narrow main lobe so notes
that the transition is very sharp and at the same time we would like to have very small
side lobes so that the Gibbs error is kept low and we would also like to have a short

window so that the FIR will be

summary
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What if we change the window?

We want:
= narrow mainlobe so that transition is sharp

» small sidelobe so Gibbs error is small

» short window so FIR is efficient

very conflicting requirements!

efficient and these are very very conflicting requirements. There is a large body of notes
literature that is concerned with developing the best possible window in order to
approximate an LDO filter. For instance we have used a rectangular window to truncate

the impulse response but if we use a

summary
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Rectangular vs Triangular Window

=== 109-tap rectangular
=== 19-tap triangular

\/Awf?wﬁuﬂ%

triangular window that therefore weights the impulse response and tapers it to zero in a notes
more gradual manner what we have is that we will be able to attenuate the Gibbs error
at the price of a wider main lobe. So here you have the comparison between a 19-tap

rectangular window in gray and a 19-tap triangular window in red and you see that the

side lobes are much smaller for the triangular window but the width of the main lobe has
increased.
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