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spectral representation of random processes

In this lecture, will try to derive a spectral representation for random processes. notes

summary
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A simple discrete-time random signal generator (G

For each new sample, toss a fair coin:

(1] +1 if the outcome of the n-th toss is head
x[n] =
—1 if the outcome of the n-th toss is tail

» each sample is independent from all others

» each sample value has a 50% probability

So let's start with the coin toss and example that we have used before. Imagine that we notes
have a machine that each time n flips a coin and outputs 1, if the outcome is head and
minus 1, if the outcome is tail. We assume that each sample is independent and each
sample value clearly if the coin is fair, has 50% probability of being plus 1 minus 1.

summary
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A simple discrete-time random signal generator (G

every time we turn on the generator we obtain a different realization of the signal

So we can run this machine say for instance here, we run it for 32 time indices. And notes
every time we run the machine, we obtain a different realization of the signal each
realization is an alternation of plus 1 and minus 1 in a random order. And each time we
run the machine, we get 32 new samples that are different every time.

summary
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A simple discrete-time random signal generator (G

> every time we turn on the generator we obtain a different realization of the signal
> we know the “mechanism” behind each instance

» but how can we analyze a random signal? What about its frequency content?

So we know the mechanism behind the signal generation, but how could we represent notes
the spectral properties of this signal? What is the frequency domain representation of
this random sequence?

summary
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Spectral properties? P

let's try with the DFT of a finite set of random samples
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The first thing we could do is try and simply to take the DFT of this portion of the process notes
that we are considering. So we have 32 samples, we take the DFT and here we're
looking at the magnitude of the DFT. We don't really see much. Of course, the DFT is
symmetric because the signal is real valued but there is no apparent pattern. And if we
run the signal generation machine once again,

summary

page 6/68 - 2.3.1.c Power Spectral Density.c


https://mediaspace.epfl.ch/media/0_f9tg6lvl?st=65

I |
Spectral properties? P

let's try with the DFT of a finite set of random samples
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and we perform the DFT, we get a completely different shape once again. So it doesn't notes
seem like taking the DFT of a portion of a realization of a random process can highlight
any particular spectral properties of the process itself. So perhaps we might think if we
increase the length of the portion that we analyzed and we take in more points, maybe
the DFT will be clearer.

summary
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Spectral properties? P

every time it's different; maybe with more data?

Maybe the DFT will highlight some of the properties. notes
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Spectral properties? P

DFT of an increasing number of samples
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So let's take a longer portion of the random process. So here we've been doing our plots notes
with 32 samples. Let's try with 64 samples and nothing really seems to appear in the
plot.
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Spectral properties? G

DFT of an increasing number of samples
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We can increase the data length even more. Here, we have a 128 points but again, notes

there is no pattern in the DFT. So clearly, taking the DFT of a single realization is not the
way to go.

summary
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.
Averaging P

» DFTs of realizations show no clear pattern... we need a new strategy

» when faced with random data an intuitive response is to take “averages” (i.e.
expectation)

> for the coin-toss signal:
E [x[n]] = —1 - P[n-th toss is tail] + 1 - P[n-th toss is head] = 0
\""—-—._‘_,_,-r"

» 50 the average value for each sample is zero...

Okay, so when we have something that is random and we want to mitigate the effects of notes
randomness the standard strategy is to try and take averages. Now the problem is that
the coin toss signal we just defined is 0 mean, namely the expected value for each
sample is going to be 0. So if the average value of the signal is 0,

summary

page 11/68 - 2.3.1.c Power Spectral Density.c


https://mediaspace.epfl.ch/media/0_f9tg6lvl?st=147

.| =
Averaging the DFT (il |

> ... as a consequence, averaging the DFT will not work

the average value of the DFT will be 0 as well because of linearity. notes

summary
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Averaging the DFT

> ... as a consequence, averaging the DFT will not work
» E[X[Kk]]=0

» however the signal “moves”, so its energy or power must be nonzero

(gl

But the signal does move it moves from minus 1 to 1 randomly, but it does move. So the
energy or the power if you want that is contained in a realization is nonzero. So we
should be able to see this power in the frequency domain.

notes

summary
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Energy and power

» the coin-toss signal has infinite energy:

N
— 2 i e
Ee= lim _Zm|x[n]| = Jim (2N +1) = 00

> however it has finite power over any interval:

N
— I 1 I -
P, = F}.meﬂ FZ_N x[n]? =1
_ o

(gl

Let's try and dig into this intuition a bit more. In general, if we have a full realization of the
coin toss signal, the energy associated to the realization is going to be infinite. If we take
the sum of the square value of each sample, well, that is going to be equal to the
number of samples. And therefore, as the support over which we compute the energy
grows to infinity, the energy itself will go to infinity. However, the power of each
realization is going to be constant and equal to 1 over any interval over which we
compute the power. So the coin toss signal is a power signal.

notes

summary
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.
Averaging P

let's try to average the DFT's square magnitude, normalized:
> pick an interval length N

Let's try to average therefore not the DFT coefficients, but the square magnitude of the notes
DFT coefficients normalized by the length of the DFT.

summary
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Averaging

let's try to average the DFT's square magnitude, normalized:
> pick an interval length N

» pick a number of iterations M

(il

We pick an interval of length n, we pick a number of iterations m that corresponds to the
number of realizations that we will use to average the DFT over.

notes

summary
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.
Averaging P

let's try to average the DFT's square magnitude, normalized:
> pick an interval length N

» pick a number of iterations M
» run the signal generator M times and obtain M N-point realizations

» compute the DFT of each realization

We run the signal generator capital M times and we obtain capital M and point notes
realizations. We compute the DFT of each realization.

summary
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.
Averaging L (i

let's try to average the DFT's square magnitude, normalized:
> pick an interval length N

» pick a number of iterations M
» run the signal generator M times and obtain M N-point realizations
> compute the DFT of each realization

P average their square magnitude divided by N

And then we square the DFT and we compute the average of all this capital M DFTs. So notes
let's do this numerically and see how this looks.

summary
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Averaged DFT square magnitude L ()
M = 5000
2 i
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So if we start with one single realization, we get this random pattern that we have seen notes
before. But as we increase the number of realizations, we see that the average value of
the squared DFT coefficient seems to converge to 1 for all values of the index. So in this
example, we have taken capital N equal to 32.

summary
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Averaged DFT square magnitude

M = 5000

(i

So 32 points of each realization, and now we have 5,000 different realizations that were
using to compute this average.

notes

summary
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Power spectral density B CPH

P[k] = E [|Xn[k]|*/N]

L}

> it looks very much as if Plk] =1

Let's define p of K as the expected value of the square notes

summary
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Power spectral density

P[k] = E [|Xn[k]|*/N]
$ —

> it looks very much as if Plk] =1

(gl

magnitude of the DFT coefficient number K normalized by the length of the DFT. From
the previous plot, it looks that the sequence P of K converges to 1 if we take enough
repetitions of the experiment.

notes

summary
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Power spectral density

P[k] = E [|Xn[k]|*/N]

> it looks very much as if Plk] =1

> if | Xn[k]|? tends to the energy distribution in frequency...

» ...|Xn[k]|*/N tends to the power distribution (aka density) in frequency

» the frequency-domain representation for stochastic processes is the power spectral density

(gl

Now, if the square magnitude of a DFT coefficient usually represents the energy in
frequency of a signal. The square magnitude normalized by the length of the analysis
interval represents the power distribution or the power density in frequency for the
signal. And so the frequency domain representation for stochastic processes seems to
be the power spectral density. We will analyze this in more detail in just a second.

notes

summary
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Power spectral density: intuition

» P[k] = 1 means that the power is equally distributed over all frequencies

(g

The intuition, however, behind the fact that PK is equal to 1 for the coin toss signal is
that it seems that the power of this stochastic process is equally distributed over all
frequencies.

notes

summary
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. |
Power spectral density: intuition (G

» P[k] = 1 means that the power is equally distributed over all frequencies
> i.e., we cannot predict if the signal moves “slowly” or “super-fast"

» this is because each sample is independent of each other: we could have a realization of all
ones or a realization in which the sign changes every other sample or anything in between

And this makes sense intuitively because the signal is random so we could get a notes
sequence of all ones or a sequence of all ones with correspond to power allocated
exclusively to the slowest frequency. Or we could get a sequence of perfectly alternating
plus 1 and minus 1 which would correspond to power allocated to the highest frequency
and every combination in between. So the power spectral density of the signal seems to
reflect the fact that we cannot predict the shape of the signal. But we do know that the
signal alternates between plus 1 and minus 1.

summary
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Filtering a random process

> let's filter the random process with a 2-point Moving Average filter

(gl

A variation on the theme is considering a filtered random process.

notes

summary
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.
Filtering a random process (i

> |et's filter the random process with a 2-point Moving Average filter

> yln] = (xIn] + x[n —1])/2

So let's take a very, very simple filter, a two-point moving average and we use this filter notes
to filter the coin toss process that we just defined.

summary
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.
Filtering a random process L (i

> let's filter the random process with a 2-point Moving Average filter
> y[n] = (x[n] + x[n —1])/2

» what is the power spectral density?

So the output of the filter will be just the sum of two consecutive samples divided by 2. notes
What is the power spectral density of a filtered random process?

summary
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Averaged DFT magnitude of filtered process

- hh,m,rm

(gl

So we repeat numerically the same experiment with it before. We generate capital M
realizations of the coin toss process. We take say for instance, a 32-point segment of
this realizations. And we filter these with a two-point moving average. Then we take the
DFT, we square the coefficients. We normalize it by the length of the DFT and we
average this result over different realizations. So if you take a single realization, we have
a pattern doesn't tell us much but as we increase the number of realizations. We see
that once again, the plot of the average squared DFT coefficients seem to converge to a
clear pattern.

notes

summary
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Averaged DFT magnitude of filtered process L (-
M = 5000
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And with 5,000 realizations like before, we have a clear curve here that is exactly notes
corresponding to the square magnitude of the frequency response of the filter.

summary
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Filtering a random process

> it looks like P,[k] = P[k] |H[k]|*, where H[k] = DFT {h[n]}

> can we generalize these results beyond a finite set of samples?

(gl

So it appears that for filtered process, the power spectral density of the output is equal to
the power spectral density of the input multiplied by the square magnitude of the
frequency response of the filter. Well all this is very nice but of course we derive these
results for a very specific random process and a very specific filter. And so now our goal
is to show that these results hold in general. Before we do so, we have to go back a bit
to one of the earliest lectures in this

notes

summary
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Energy and Power Signals (Gl |

[+¢]

> energy signals: Z Ix[n]|? < oo

n=—00

N
1
> power signals: lim x[n]|? < oo
i . w—»m2N+1n_ZN|[]

DSP course and recall the difference between energy and power signals. Energy signals notes
are signals that have a finite square norm. You take the sum of the square absolute
value of each sample over the entire support of the signal and the result is finite. Power
signals on the other hand, have infinite energy, but they have a finite rate of energy. So if

you take the energy over an interval and you normalize that by the length of the interval
you always have a finite number.

summary
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Energy Signals L (i

> finite support, sinc(n), a” u[n| for |a| <1, ...

B DTFT is well defined

> DTFT square magnitude is energy distribution in frequency

We have encountered many examples of energy signals so all finite support signals are notes
finite energy. Of course, the sink is a finite energy signal and exponential sequences
with a ratio less than 1 in magnitude are also finite energy signals. For this signals the,

DFT is well-defined we have no problem computing it. And the square magnitude of the
DTFT represents

summary
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.
Power Signals L (i

» x[n] =1, u[n], &, sin,cos, ...
» DTFT uses the Dirac delta formalism

» “DTFT square magnitude” doesn’'t make sense!

the distribution of energy in frequency. For power signals, which are also very common notes
for instance, the constant signal X of n will be equal to 1 is a power signal, the step
sequence is a power signal. Any complex exponential or trigonometric function with
infinite support is also a power signal while all the signals can be brought into the DTFT
formalism using the Dirac Delta function. As a matter of fact, whenever you see a Dirac
Delta in a spectrum, you know that the underlined signal is a power signal. For these
signals, however, you cannot take the square magnitude of the DTFT and try to have a
distribution of energy and frequency. You have to use a different representation,

summary
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Power Spectral Density

Consider a truncated DTFT —

(gl

namely the power spectral density. To define the power spectral density, consider that
truncated DTFT sum so you have your DTFT sum and you range the index from some
minus n integer to n.

notes

summary
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Power Spectral Density (G

Consider a truncated DTFT "

Xn(€¥) = Y x[n]e~Fum
nm=-=N
define the power spectral density of a signal as:

Wy o 1 fwry |2
P(e”) = lim o |Xn(e™)|

And you define the power spectral density as the square magnitude of this truncated notes

DTFT normalized by the length of the support over which you compute this truncated
DTFT. And then you take the limit as n goes to infinity.

summary
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Power Spectral Density (G

Examples:
> x[n] = a, Py(e*) = a%5(w)

The result is a representation of power in frequency for a power signal. So for example, notes
the constant signal X of n equal to a has a power spectral density,

summary
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Power Spectral Density (G

Examples:
> x[n] = a, Py(e™) = a%5(w)

> x[n] = aufn], P(ei) = (8%/2)b(w)

which is equal to a squared times a Direct Delta centered in 0. The step sequence x a notes
scholar a has a power spectral

summary
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I, |
Power Spectral Density (|

Examples:
> x[n] = a, Py(e*) = a%5(w)
> x[n] = auln], Px(e/) = (°/2)8(w)

> x[n] = ael°", P,(e/) = 226(w — o)

density which is equal to a squared over 2 x a direct Delta n 0. A complex exponential on notes
the other hand will have a power spectral density which is the square of the magnitude
of the complex exponential times a Dirac Delta

summary
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Power Spectral Density for WSS Processes

For a random process

P.(e/) = lim

1 juay |2
D [ Xn(e™)F7]

(g

centered at the frequency of the complex exponential. Now, a wide sense stationary
process with finite variance is a power signal. So it's frequency domain representation
will be a power spectral density.

notes

summary

page 40/68 - 2.3.1.c Power Spectral Density.c


https://mediaspace.epfl.ch/media/0_f9tg6lvl?st=663

Power Spectral Density for WSS Processes

For a random process

P.(e/) = lim

1 juay |2
D S [Caly

(N

(gl

We just need to modify the definition we just introduced before by replacing the square
magnitude of the truncated

notes

summary
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For a random process

Pi(e/) =

lim
N—oo

1
2N +1

E [|Xn(e™)P?]

(S

Power Spectral Density for WSS Processes

(g

DTFT with the expected value of say squared magnitude.

notes

summary
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Power Spectral Density for WSS Processes (G

For a random process

E [|Xn(e™)P?]

(S

; 1
Pe(ef) = li
(¢) me2N+1

This takes into account the randomness of the signal and averages out across notes
realizations the randomness of the DTFT.

summary
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Power Spectral Density for WSS Processes (|
N 2 = ;
E[| Y xlnje | | =E Z drle*r 3 x{mleiom
n=—N 5 e
N
= Z E [x[n)x[m]] e #<{m=n)
n==N m=
1"*-——"‘5

Okay, so let's compute this term. We can write the expected value of the magnitude of notes
the truncated DTFT as the expected value of the truncated DTFT multiplied by the

conjugate of the truncated DTFT. We assume the signal is real so we only need to
conjugate the complex exponential here. Now, we collect the sums and

summary
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Power Spectral Density for WSS Processes L (i
N . N N
E Z x[n]le~#"| | = E |i Z x[n]el" Z x[m]edwm
n=—N n=-—N m==N

N N -
- Z Z E [x[n)x[m]] e #<{m—n)

n==N m=-=N ?h

—

we move the expectation operator inside the sums because of linearity. notes

summary
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Power Spectral Density for WSS Processes L (i
N . N N
E Z x[nle™™"| | =E [ z x[n]e" Z x[m]e_j““m]
n=—N n=—N m=—N

N N

=3 3 Elxlnjx|m]] el

n=—N m=—N"—x—

N N

= Z E re|m — n}| e ~(m—")

m=—N m=—N !
WSS

And now we use the wide sense stationarity hypothesis for the process and this notes
expectation here, expectation of the product between X of N and X of M where n and M

are the indices of the two sums, becomes simply the autocorrelation of the process
computed at time lag M minus n.

summary
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Power Spectral Density for WSS Processes L (i
N . N N
E Z x[nle™™"| | =E z x[n]e" Z x[m]e_j““m]
n=—N

n=—N m=—N
N

=Y 3 Elxlnjx|m]] eFlm)

n=—N m=—N"—+—

N N

= Z E re|m — n}| e~(m—")

m=—=N m=—N &
o — |
WSS

Y

And we have of course always a complex exponential here. Now here, we have a notes

double sum and we're going to use a very clever trick to transform this double sum into a
single sum. Let's see how to do that.

summary
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A clever manipulation B CPH

N N

5=Z f(m— n)
N

m==—N n=

So suppose we have a double sum of this form. We have an outer index that goes from notes
minus big N to big N and

summary
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A clever manipulation

N N

S= Z Z f(m—n)

m=—N n==N

(g

an inner index that also goes from minus big N and to big N. And the function inside
double sum only depends on the difference between the summation indices.

notes

summary
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A clever manipulation B CPH

N N

5=Z f(m— n)
N

m==—N n=

2N < (m—n) <2N

So the range of this argument here n minus n if you consider the range of the summation notes
indices goes from minus two times capital n 2 plus 2 times capital N.

summary
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A clever manipulation

N N
S= Z Z f(m— n)
m==N n==N
2N < (m—n) <2N

o &
S= Y c(k)f(k)

k—_2N LI S

(g

So we can rewrite this double sum as a single sum where the index now ranges from
minus to capital M to capital N. And the function inside the sum is computed over the
index and each term F of K is multiplied by a weighing factor here C of K.

notes
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page 51/68 - 2.3.1.c Power Spectral Density.c


https://mediaspace.epfl.ch/media/0_f9tg6lvl?st=785

A clever manipulation B CPH

N N
S= Z Z f(m— n)

m=—N f=—N

2N <(m—n) <2N

w &
S= Y c(k)f(k)

*.= _2” "“'--F’
Which will take into account the number of times that the term M minus N is equal to K in notes

the original summation.

summary

13m 21s

page 52/68 - 2.3.1.c Power Spectral Density.c


https://mediaspace.epfl.ch/media/0_f9tg6lvl?st=801

A clever manipulation

¢(k): number of ways we can pick n,m in [N, N] so that (m—n) = k

(g

e

minus big N to big N so that M minus n is equal to K.

C of K, therefore is the number of ways that we can pick and N and M in the interval notes

summary
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A clever manipulation

geometrically: ¢(k) = number of ways we can fit a segment of length k over [—N, NJ:

(il

So if you think about it a bit, this is geometrically equivalent to the number of ways that
we can fit a segment of length K over an interval that goes from minus n to big N.

notes

summary

page 54/68 - 2.3.1.c Power Spectral Density.c


https://mediaspace.epfl.ch/media/0_f9tg6lvl?st=817

A clever manipulation P

geometrically: ¢(k) = number of ways we can fit a segment of length k over [—N, NJ:

So for instance, a segment of this as long as the interval will only fit one time. A segment notes
this one unit shorter will fit two times. A segment this two units shorter will fit three times

and so on and so forth.
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A clever manipulation

c(k): number of ways we can pick n,m in [N, N] so that (m — n) = k

c(k) =2N +1 — |k|

(gl

After some reflection, we can come up with a formula for the number of ways that we notes
can do so. And C of K turns out to be 2 times capital N plus 1 minus the absolute value
of K.
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Power Spectral Density for WSS Processes

N F 2N _
Ef| > x[nes«r Y (N +1 - [kl) ry[kle~iwk
n=—N k=-2N S

Lh______________._.--}‘-—-—._.________—_r,;

(g

So we use this to turn that expected squared DFT value into a single sum. So here we notes
have what we were looking for and this is the current state of the equation. We have a
sum that goes from minus 2 times capital N to 2 times capital N of this wave factor here
to n plus 1 minus absolute value of K times the autocorrelation of the input process
computing K times e to the minus J Omega K. This starts look very much like a DTFT.
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Power Spectral Density for WSS Processes L (i

2N
Pute) = g, 3 (Fasr ) (k)
— k==—2
2N k o
— &I —juuk
_.I'H!Ir}ﬂ:-::u z wy[k]r«[k]e
k=—2N

But let's move on. Remember, we're looking for the power spectral density, which is the notes
expected value of the squared DTFT normalized by the length of the interval over which
we computed the partial DTFT. And that length is 2 capital N plus 1, so this is now what

we're having.

summary
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Power Spectral Density for WSS Processes L (i

(2N+ 1 |kl

This term here, let's call it W n of K is a weighing factor that multiplies the value of the notes
autocorrelation in K and the complex exponential in minus J Omega K. And we want to
take this limit for big N goes to infinity.
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Power Spectral Density for WSS Processes

(il

wi (K]
1 - —
N=35
U T L] T
-39 —26 -13 0 13 39
Let's examine how this guy behaves as n grows to infinity. If we plot WN of K for all notes

possible values of K. Well here, we take a short windows from minus 40 to 40, the
function looks

summary
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Power Spectral Density for WSS Processes L (i

wiy | k]

_39 26 13 0 13 26 39
like a triangle and as n increases, this triangle becomes wider and wider. notes

summary
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Power Spectral Density for WSS Processes (G
. 2N
P.(e/) = lim wn|k]r[k]e <k
N—poc k2N
= Y ix[kleik
k==00
= DTFT{r[k]}

As n goes to infinity w n of K will tend to the constant 1 for all values of K. So with this in notes
mind, we compute the limit that we were looking for, okay.
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Power Spectral Density for WSS Processes

2N
P.(e/) = lim Z wik] rie[ k] e <k

N—
xk:-*zﬁ.r ! e

oD

= 3 rx[Ke ik

k==—co

DTFT{r[k]}

(g

So the limit for n that goes to Infinity of this some, the weighing factor, the
autocorrelation, the complex exponential. As n goes to Infinity, this goes to 1 and we're
left with the sum for

notes

summary
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Power Spectral Density for WSS Processes (G

P.(e/) = lim Z wik] rie[ k] e <k

DTFT{r[k]}

K that goes from minus infinity to plus infinity of the autocorrelation notes

summary
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Power Spectral Density for WSS Processes (G

P.(e/) = lim Z wik] rie[ k] eIk

DTFT{r.[k]}
e —

of the input process in K times e to the minus J Omega K. Which is the DTFT of the notes
autocorrelation of the input process. So this is a remarkable result the power spectral
density
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.| =
PSD of white noise .ﬂlﬂ-

White noise:
> m= D

» r[k] = o®d[K]

P(e) = o*

of a random process is the DTFT of its autocorrelation. As an example, let's look at the notes
power spectral density of a white noise process. Remember, a white noise process of
defined by a mean equal to 0 and auto correlation that is nonzero only for K equal to 0 in
which case it's equal to the variance of the process. Well, if you take the DTFT of the
autocorrelation for the white noise

summary
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PSD of white noise .ﬂlﬂ-

White noise:
> m= D

> r[k] = o®d[K]

process, you have the power spectral density is the constant Sigma square. Where notes
Sigma square is the variance of the process. Now, the coin toss process, you

remember, was white because every coin toss is independent and it's autocorrelation is
Delta of K. And therefore, we have confirmed that the power spectral density for the coin

toss process is indeed a constant.

summary
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White noise

on the variance)

» distribution is important to estimate bounds for the signal

» AWGN: additive white Gaussian noise

> the PSD is independent of the probability distribution of the single samples (depends only

> very often a Gaussian distribution models the experimental data the best

(gl

Two final words on white noise which is in a big quietest noise and Signal processing,
the whiteness of the noise does not depend on the probability density function that
governs the distribution of each sample in the noise. The whiteness only describes the
decorrelation between noise samples. So the power spectral density will always be flat
for white noise independently of the probability density function that describes the
individual samples. You can have Gaussian white noise. You can have uniform white
noise. You can even have bi-variate white noise as we had in the case of the coin toss
process. But very often, a Gaussian distribution is what models the experimental data
the best. An additive white Gaussian noise called AWGN, is the most common noise
model for communication systems. communication systems.

notes

summary
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